
Online Appendix: Local GMM estimation for
nonparametric time-varying coefficient moment

condition models

The online appendix is organized as follows. Section A provides proofs of Lemma 1, Theo-
rem 1 and Corollaries 1 and 2. Section B presents auxiliary results and their proofs.

Notation: ∥·∥ is the Euclidean norm. ∥·∥p is the Lp norm. ∥·∥sp is the spectral norm of a matrix.
xn = O(yn) states that the deterministic sequence xn is at most of order yn. xn = Op(yn) states
that the vector of random variables xn is at most of order yn in probability, and xn = op(yn) is of

smaller order in probability than yn . The operator
p
→ denotes convergence in probability, and

d
→

denotes convergence in distribution. We use C for a generic positive (vector) of constant(s) when
convenient. σ(A) denotes the σ-algebra generated by a collection of setsA.

A Proof of main results

A.1 Proof of Lemma 1

Proof of (i). By Triangular inequality,∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jt

(
g j(θt) − E

(
gt(θt)

))∥∥∥∥∥∥∥ ⩽
∥∥∥∥∥∥∥ 1

Tb

T∑
j=1

k jt

(
g j(θt) − E

(
g j(θt)

))∥∥∥∥∥∥∥
+

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jt

(
E
(
g j(θt)

)
− E

(
gt(θt)

))∥∥∥∥∥∥∥
=

∥∥∥M(1)
T,t(θt)

∥∥∥ + ∥∥∥M(2)
T,t(θt)

∥∥∥.
(6) can be obtained using

max
1⩽t⩽T

∥∥∥gT,t(θt)
∥∥∥ ⩽ max

1⩽t⩽T

∥∥∥M(1)
T,t(θt)

∥∥∥ + max
1⩽t⩽T

∥∥∥M(2)
T,t(θt)

∥∥∥.
It follows immediately from Lemma B1(1b) that, for any ε > 0, p > 2,

max
1⩽t⩽T

∥∥∥M(1)
T,t(θt)

∥∥∥ = Op
(
(Tb)−1/2 log1/2 T + (T 2b)1/p(Tb)ε−1).

Under Assumption 3.5(ii), for sufficiently small ε > 0, it holds (T 2b)1/p(Tb)ε−1 ⩽ (Tb)−1/2, this
implies that

max
1⩽t⩽T

∥∥∥M(1)
T,t(θt)

∥∥∥ = Op
(
(Tb)−1/2

√
log T

)
.
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For M(2)
T,t(θt), we have

∥∥∥M(2)
T,t(θt)

∥∥∥ ⩽ 1
Tb

T∑
j=1

k jt

∥∥∥E
(
g j(θt)

)
− E

(
gt(θt)

)∥∥∥ ⩽ 1
Tb

T∑
j=1

k jt

∥∥∥E(g j(θt)) − E (gt(θt))
∥∥∥. (A.1)

By mean-value theorem, we have

g j(θt) = g j(θ j) +
∂g j(θt)
∂θ′

(
θt − θ j

)
,

where θt lies between θt and θ j. Then, by continuing from (A.1), we have

∥∥∥M(2)
T,t(θt)

∥∥∥ ⩽ 1
Tb

T∑
j=1

k jt

∥∥∥∥∥∥∥E

∂g j(θt)
∂θ′


∥∥∥∥∥∥∥ ∥∥∥θt − θ j

∥∥∥ ⩽ C 1
Tb

T∑
j=1

k jt

(
| j − t|

T

)
≈ Cb

∫
K(u)du = O(b).

This is because max1⩽t⩽T

∥∥∥∥∥E
(
∂gt(θt)
∂θ′

)∥∥∥∥∥ < ∞ (Assumption 3.3) and the fact that continuously dif-
ferentiable of θ(·) on [0, 1] also implies that it is Lipschitz continuous. This completes the proof
of (6).

(5) can be obtained similarly by noticing that

max
θ∈Θ

∥∥∥gT,t(θ)
∥∥∥ ⩽ max

θ∈Θ

∥∥∥M(1)
T,t(θ)

∥∥∥ +max
θ∈Θ

∥∥∥M(2)
T,t(θ)

∥∥∥.
Then, the results follow from Lemma B1(1a) and Lemma B1(2a).
Proof of (ii). Write

1
√

Tb

T∑
j=1

k jtg j(θt) =
1
√

Tb

T∑
j=1

k jt

(
g j(θt) − g j(θ j) + g j(θ j)

)
=

1
√

Tb

T∑
j=1

k jt

(
g j(θt) − g j(θ j)

)
+

1
√

Tb

T∑
j=1

k jtg j(θ j)

:= BT,t + VT,t.

We first show that
VT,t

d
−→ N (0, v0Wt) ,

where Wt = Var
(
gt(θt)

)1. We will proceed by assuming m = 1, since the case when m > 1 follows
immediately from Cramér–Wold device.

Since gt(θt) is a martingale difference sequence (M.D.S.), by the central limit theorem (CLT)

1Wt depends on θt, but we write Wt for convenience, and change the notation to Wt(·) when needed.
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for M.D.S. (e.g. Theorem 3.2 in Hall and Heyde (1980)), we need to verify that

1
Tb

T∑
j=1

k2
jtg

2
j(θ j)

p
−→ v0Wt, (A.2)

max
j

∣∣∣∣∣∣ 1
√

Tb
k jtg j(θ j)

∣∣∣∣∣∣ p
−→ 0, E

(
max

j

1
Tb

k2
jtg

2
j(θ j)

)
< ∞. (A.3)

Proof of (A.2). Write

1
Tb

T∑
j=1

k2
jtg

2
j(θ j) =

1
Tb

T∑
j=1

k2
jt

(
g2

j(θ j) − E
(
g2

j(θ j)
))
+

1
Tb

T∑
j=1

k2
jtE

(
g2

j(θ j)
)

:= j(1)
T + j(2)

T .

Observe that g2
j(θ j) − E

(
g2

j(θ j)
)

also satisfies Assumptions 3.1(ii) and 3.2. Then, by Lemma
B1(i)(a), we have

∣∣∣ j(1)
T

∣∣∣ = Op

(
(Tb)−1/2

)
= op(1). For j(2)

T , we have

∣∣∣ j(2)
T

∣∣∣ ⩽ 1
Tb

T∑
j=1

k2
jt

∣∣∣E(g2
j(θ j)) − E(g2

t (θ j))
∣∣∣ + 1

Tb

T∑
j=1

k2
jt E

(
g2

t (θ j)
)

:= j(21)
T + j(22)

T .

It follows by Assumption 3.4(i) that

j(21)
T ⩽ C

1
Tb

T∑
j=1

k2
jt

(
| j − t|

T

)
≈ Cb

∫
K2(u)du = O(b),

where the approximation follows from the Riemann sum approximation of an integral. For j(22)
T ,

by applying mean-value theorem, we have (as Tb→ ∞)

j(22)
T =

1
Tb

T∑
j=1

k2
jt E

(
g2

t (θt)
)
+

2
Tb

T∑
j=1

k2
jt E

gt(θt)
∂gt(θt)
∂θ′

 (θ j − θt
)

= v0Wt +
2

Tb

T∑
j=1

k2
jt E

gt(θt)
∂gt(θt)
∂θ′

 θ(1)
t

(
| j − t|

T

)
= v0Wt + O(b) = v0Wt + o(1),

where the second equality follows from Taylor series expansion of θ j around θt. This established
(A.2).

Proof of (A.3). If Assumption 3.2 holds, by Theorem 12.10 in Davidson (1994), we have
E

[
g2

j(θ j)1
(∣∣∣g j(θ j)

∣∣∣ ⩾ √Tbε
)]
→ 0 as Tb → ∞. Together with the fact that (Tb)−1 ∑T

j=1 k2
jt =
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O(1), we have, as Tb→ ∞,

P
(
max

j

∣∣∣∣∣∣ 1
√

Tb
k jtg j(θ j)

∣∣∣∣∣∣ ⩾ ε
)
⩽ ε−2(Tb)−1

T∑
j=1

k2
jtE

[
g2

j(θ j)1
(∣∣∣g j(θ j)

∣∣∣ ⩾ √Tbε
)]
→ 0,

for any ε > 0. This establishes (A.3).
We next move on to the analysis of (Tb)−1/2BT,t. By mean-value theorem, we have

(Tb)−1/2BT,t =
1

Tb

T∑
j=1

k jt

(
g j(θt) − g j(θ j)

)
=

1
Tb

T∑
j=1

k jt
∂g j(θt)
∂θ′

(
θt − θ j

)
=

1
Tb

T∑
j=1

k jt

∂g j(θt)
∂θ′

− E

∂g j(θt)
∂θ′

 θ(1)
t

(
| j − t|

T

)
+

1
Tb

T∑
j=1

k jtE

∂g j(θt)
∂θ′

 θ(1)
t

(
| j − t|

T

)
:= B(1)

T,t + B(2)
T,t,

where the third equality follows again from Taylor series expansion of θ j at θt. For B(1)
T,t, since

∂g j(θt)
∂θ′
− E

(
∂g j(θt)
∂θ′

)
also satisfies Assumptions 3.1(ii) and 3.2, by Lemma B1(2)(a), we have

∣∣∣B(1)
T,t

∣∣∣ =
Op(b) = op(1). Following similar analysis as for (A.2), we have

B(2)
T,t =

1
Tb

T∑
j=1

k jt

E

∂g j(θt)
∂θ′

 − E
∂gt(θt)
∂θ′

 + E
∂gt(θt)
∂θ′

 θ(1)
t

(
| j − t|

T

)

= Op(b) + E
∂gt(θt)
∂θ′

 θ(1)
t

1
Tb

T∑
j=1

k jt

(
| j − t|

T

)
= Op(b).

This implies that BT,t = Op

(
T 1/2b3/2

)
.

A.2 Proof of Theorem 1

The local CU-GMM estimator is defined by (3):

θ̂t = arg min
θ∈Θ

Qt,T ,

where the criteria function Qt,T is given by

Qt,T (θ) = g′T,t(θ)W
−1
T,t(θ)gT,t(θ).
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We first prove the consistency of the estimator. Let

Qt(θ) =
(
E
[
gt(θ)

])′
(v0Wt(θ))−1

(
E
[
gt(θ)

])
,

where v0 =
∫

K2(u)du and Wt(θ) = Var
(
gt(θ)

)
. In view of Theorem 2.1 in Newey and McFadden

(1994), it is sufficient to verify that

(i) Θ is compact (assumed in Assumption 3.3);

(ii) Qt(θ) is uniquely minimized at θt (implies by Assumption 3.3);

(iii) Qt(θ) is continuous in Θ (implied in Assumption 3.2));

(iv) Uniform consistency:
max
θ∈Θ

∣∣∣Qt,T (θ) − Qt(θ)
∣∣∣ p
−→ 0.

Thus, it remains to show (iv), which follows from

max
θ∈Θ

∥∥∥gT,t(θ) − E
(
gt(θ)

)∥∥∥ p
−→ 0, (A.4)

max
θ∈Θ

∥∥∥∥W
−1
T,t(θ) − v−1

0 W−1
t (θ)

∥∥∥∥ p
−→ 0. (A.5)

(A.4) is exactly (5) in Lemma 1(i). For (A.5), notice that

max
θ∈Θ

∥∥∥∥W
−1
T,t(θ) − v−1

0 W−1
t (θ)

∥∥∥∥ ⩽ max
θ∈Θ
∥Wt(θ)∥−1

sp max
θ∈Θ

∥∥∥v0Wt(θ) −WT,t(θ)
∥∥∥

sp
v−1

0 max
θ∈Θ

∥∥∥WT,t(θ)
∥∥∥−1
.

Recall that, for each θ ∈ Θ,

WT,t(θ) =
1

Tb

T∑
j=1

k2
jt

(
g j(θ)g′j(θ) − E

(
g j(θ)g′j(θ)

))
+

1
Tb

T∑
j=1

k2
jtE

(
g j(θ)g′j(θ)

)
= W

(1)
T,t(θ) +W

(2)
T,t(θ).

Following same arguments as used for (A.2), we have maxθ∈Θ
∥∥∥∥W

(1)
T,t(θ)

∥∥∥∥ = Op

(
(Tb)−1/2

)
, W

(2)
T,t(θ) =

v0Wt(θ) + o(1). This further implies that maxθ∈Θ
∥∥∥v0Wt(θ) −WT,t(θ)

∥∥∥
sp
= Op

(
(Tb)−1/2

)
= op(1).

Together with Assumption 3.2 (which implies that both maxθ∈Θ ∥Wt(θ)∥−1
sp and maxθ∈Θ

∥∥∥WT,t(θ)
∥∥∥−1

are Op(1)), we have
max
θ∈Θ

∥∥∥∥W
−1
T,t(θ) − v−1

0 W−1
t (θ)

∥∥∥∥ = op(1), (A.6)

which establish (A.5).
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By expanding the first-order condition of ∂Qt,T (θ̂t)
∂θ
= 0 around θt, we have

∂Qt,T (θt)
∂θ

+
∂2Qt,T (θt)
∂θ∂θ′

(θ̂t − θt) = 0,

where θt lies between θ̂t and θt. By rearranging terms, we have

θ̂t − θt = −
(∂2Qt,T (θt)
∂θ∂θ′

)−1∂Qt,T (θt)
∂θ

= −
(∂2Qt,T (θt)
∂θ∂θ′

)−1∂Qt,T (θt)
∂θ

+

[(∂2Qt,T (θt)
∂θ∂θ′

)−1
−

(∂2Qt,T (θt)
∂θ∂θ′

)−1
]
∂Qt,T (θt)
∂θ

. (A.7)

We need to show that

max
1⩽t⩽T

∥∥∥∥∥∥∥
(
∂2Qt,T (θt)
∂θ∂θ′

)−1

−

∂2Qt,T (θt)
∂θ∂θ′

−1∥∥∥∥∥∥∥
sp

= op(1), (A.8)

max
1⩽t⩽T

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥
sp

= Op(1). (A.9)

Then, uniform consistency rate and asymptotic normality are determined by ∂Qt,T (θt)
∂θ

. Thus, we
need a detailed expansion for the first and second order derivatives for the criteria function Qt,T .

Let us first compute the score:

∂Qt,T (θt)
∂θ

= 2
[

1
Tb

T∑
j=1

k jt
∂g j(θt)
∂θ′

]′
W
−1
T,t(θt)

[
1

Tb

T∑
j=1

k jtg j(θt)
]

+
(
A2,1,t(θt), · · · , A2,d,t(θt)

)′
= A1,t(θt) + A2,t(θt).

The ℓ1th elements in A2,t(θt) is given by

A2,ℓ1,t(θt) =
[

1
Tb

T∑
j=1

k jtg j(θt)
]′∂W−1

T,t(θt)
∂θℓ1

[
1

Tb

T∑
j=1

k jtg j(θt)
]
,

where
∂W

−1
T,t(θt)
∂θℓ1

= −W
−1
T,t(θt)

∂WT,t(θt)
∂θℓ1

W
−1
T,t(θt). (A.10)
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We will show that

max
1⩽t⩽T

∥∥∥A1,t(θt)
∥∥∥ = Op

(
b + (Tb)−1/2

√
log T

)
, (A.11)

max
1⩽t⩽T

∣∣∣A2,ℓ1,t(θt)
∣∣∣ = op(1), for ℓ1 = 1, 2, · · · , d, (A.12)

which implies that the dominating term is A1,t(θt), while A2,t(θt) is smaller order term.
Proof of (A.12). We first establish a bound for (A.10). First, recall that

WT,t(θt) =
1

Tb

T∑
j=1

k2
jtg j(θt)g′j(θt).

Then, using similar steps as in the proof of (A.5) and applying Lemma B1(1)(b), we obtain

max
1⩽t⩽T

∥∥∥∥W
−1
T,t(θt) − v−1

0 W−1
t (θt)

∥∥∥∥ = Op

(
(Tb)−1/2

√
log T + b

)
= op(1). (A.13)

Next, we consider

∂WT,t(θt)
∂θℓ1

=
1

Tb

T∑
j=1

k2
jt

(
g j(θt)

(∂g j(θt)
∂θℓ1

)′
+

(∂g j(θt)
∂θℓ1

)
g′j(θt)

)
.

Write

1
Tb

T∑
j=1

k2
jtg j(θt)

(
∂g j(θt)
∂θℓ1

)′
=

1
Tb

T∑
j=1

k2
jt

(
g j(θt)

(
∂g j(θt)
∂θℓ1

)′
− E

(
g j(θt)

(
∂g j(θt)
∂θℓ1

)′))
+

1
Tb

T∑
j=1

k2
jtE

(
g j(θt)

(
∂g j(θt)
∂θℓ1

)′)
.

Observe that any elements in g j(θt)
(
∂g j(θt)
∂θℓ1

)′
− E

(
g j(θt)

(
∂g j(θt)
∂θℓ1

)′)
satisfy Assumptions B1-B2, by

Lemma B1(1b), we obtain

max
1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k2
jt

(
g j(θt)

(∂g j(θt)
∂θℓ1

)′
− E

[
g j(θt)

(∂g j(θt)
∂θℓ1

)′])∥∥∥∥∥∥∥ = Op((Tb)−1/2
√

log T ) = op(1).

Next, notice that

max
1⩽t⩽T

∥∥∥Wt,d1

∥∥∥ = max
1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k2
jtE

[
g j(θt)

(∂g j(θt)
∂θℓ1

)′])∥∥∥∥∥∥∥
⩽

1
Tb

T∑
j=1

k2
jt max

1⩽t⩽T
E

∥∥∥∥∥∥g j(θt)
(∂g j(θt)
∂θℓ1

)′∥∥∥∥∥∥
⩽

1
Tb

T∑
j=1

k2
jt

{
max
1⩽t⩽T

E
∥∥∥g j(θt)

∥∥∥}1/2{
max
1⩽t⩽T

E

∥∥∥∥∥∥∂g j(θt)
∂θℓ1

∥∥∥∥∥∥}1/2
< ∞,
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which follows from Assumption 3.2. This implies that

∂WT,t(θt)
∂θℓ1

= Wt,d1 +W ′
t,d1
+ op(1),

which holds uniformly over t. Thus, we have, by continuing from (A.10),

max
1⩽t⩽T

∥∥∥∥∥∥∥∥∂W
−1
T,t(θt)
∂θℓ1

∥∥∥∥∥∥∥∥ ⩽ v−2
0 max

1⩽t⩽T
∥Wt(θt)∥−1

sp max
1⩽t⩽T

∥∥∥∥∥∥∂WT,t(θt)
∂θℓ1

∥∥∥∥∥∥
sp

max
1⩽t⩽T

∥Wt(θt)∥−1 + op(1) = Op(1).

By Lemma 1(i), we have

max
1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jtg j(θt)

∥∥∥∥∥∥∥ = Op

(
b + (Tb)−1/2

√
log T

)
= op(1).

This implies (A.12)

max
1⩽t⩽T

∣∣∣A2,ℓ1,t(θt)
∣∣∣ ⩽ max

1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jtg j(θt)

∥∥∥∥∥∥∥
sp

max
1⩽t⩽T

∥∥∥∥∥∥∥∥∂W
−1
T,t(θt)
∂θℓ1

∥∥∥∥∥∥∥∥ max
1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jtg j(θt)

∥∥∥∥∥∥∥+op(1) = op(1).

Proof of (A.11). Define

GD,t =
1

Tb

T∑
j=1

k jt

(
∂g j(θt)
∂θ′

− E
[∂g j(θt)
∂θ′

])
,

WD,t = W
−1
T,t(θt) − v−1

0 W−1
t (θt).

We have shown in (A.13) that max1⩽t⩽T

∥∥∥WD,t

∥∥∥ = op(1). Similarly, observe that any (a, b)th
elements in ∂g j(θt)

∂θ′
also satisfy Assumptions B1-B2, by applying Lemma B1(1b), we obtain

max
1⩽t⩽T

∥∥∥GD,t

∥∥∥ = Op
(
(Tb)−1/2

√
log T

)
= op(1).

Following similar steps in the proof of (A.2), we could show that

1
Tb

T∑
j=1

k jtE
[∂g j(θt)
∂θ′

]
= E

[∂gt(θt)
∂θ′

]
+ o(1).
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Define Gt = E
[
∂gt(θt)
∂θ′

]
. Let us rewrite A1,t(θt):

A1,t(θt) = v−1
0 G′tW

−1
t

( 1
Tb

T∑
j=1

k jtg j(θt)
)
+G′D,tWD,t

( 1
Tb

T∑
j=1

k jtg j(θt)
)

+ v−1
0 G′D,tW

−1
t

( 1
Tb

T∑
j=1

k jtg j(θt)
)
+G′tWD,t

( 1
Tb

T∑
j=1

k jtg j(θt)
)
.

Clearly, the dominating term is the first one. Then, we have

max
1⩽t⩽T

∥∥∥A1,t(θt)
∥∥∥ ⩽ (

max
1⩽t⩽T
∥Gt∥sp

)
v−1

0 max
1⩽t⩽T
∥Wt(θt)∥−1

sp

(
max
1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jtg j(θt)

∥∥∥∥∥∥∥
)
+op(1) = Op

(
b+(Tb)−1/2

√
log T

)
.

Consider now the second order derivatives of the criteria function:

∂2Qt,T (θt)
∂θ∂θ′

=
[
∂A1,t(θt)
∂θ1

· · ·
∂A1,t(θt)
∂θd

]
d×d
+


∂A2,1,t(θt)
∂θ′

...
∂A2,d,t(θt)
∂θ′


d×d

.

We will show that

max
1⩽t⩽T

∥∥∥∥∥∥∂A1(θt)
∂θℓ2

∥∥∥∥∥∥ = Op(1), ℓ2 = 1, · · · , d, (A.14)

max
1⩽t⩽T

∥∥∥∥∥∂A2,ℓ2(θt)
∂θ′

∥∥∥∥∥ = op(1), ℓ2 = 1, · · · , d. (A.15)

Proof of (A.14). Consider

∂A1,t(θt)
∂θℓ2

=

[
1

Tb

T∑
j=1

k jt
∂2g j(θt)
∂θℓ2∂θ

′

]′
W
−1
T,t(θt)

[
1

Tb

T∑
j=1

k jtg j(θt)
]

+

[
1

Tb

T∑
j=1

k jt
∂2g j(θt)
∂θℓ2∂θ

′

]′∂W−1
T,t(θt)
∂θℓ2

[
1

Tb

T∑
j=1

k jtg j(θt)
]

+

[
1

Tb

T∑
j=1

k jt
∂2g j(θt)
∂θℓ2∂θ

′

]′
W
−1
T,t(θt)

[
1

Tb

T∑
j=1

k jt
∂2g j(θt)
∂θℓ2∂θ

′

]
= B11,t(θt) + B12,t(θt) + B13,t(θt).

We need to find bounds for the above three terms. First, we write

1
Tb

T∑
j=1

k jt
∂2g j(θt)
∂θℓ2∂θ

′
=

1
Tb

T∑
j=1

k jt

(
∂2g j(θt)
∂θℓ2∂θ

′
− E

(
∂2g j(θt)
∂θℓ2∂θ

′

))
+

1
Tb

T∑
j=1

k jtE
(
∂2g j(θt)
∂θℓ2∂θ

′

)
.
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Following again similar steps as in the proof of either Lemma 1(i), we have, ∀ℓ2,

max
1⩽t⩽T

∥∥∥∥∥∥∥ 1
Tb

T∑
j=1

k jt

(
∂2g j(θt)
∂θℓ2∂θ

′
− E

(
∂2g j(θt)
∂θℓ2∂θ

′

))∥∥∥∥∥∥∥ = Op

(
(Tb)−1/2

√
log T

)
= op(1),

and
1

Tb

T∑
j=1

k jtE
(
∂2g j(θt)
∂θℓ2∂θ

′

)
= E

(
∂2gt(θt)
∂θℓ2∂θ

′

)
+ o(1).

Finally, observe that both B11,t(θt) and B12,t(θt) involve 1
Tb

∑T
j=1 k jtg j(θt), following the arguments

used to establish (A.11) and (A.12), it is straightforward to verify that

max
1⩽t⩽T

∥∥∥B11,t(θt)
∥∥∥ = op(1), max

1⩽t⩽T

∥∥∥B12,t(θt)
∥∥∥ = op(1).

Clearly, the dominating term is B13,t(θt): ∀ℓ2,

max
1⩽t⩽T

∥∥∥B13,t(θt)
∥∥∥ ⩽ max

1⩽t⩽T

∥∥∥∥∥∥E
(
∂2gt(θt)
∂θℓ2∂θ

′

)∥∥∥∥∥∥
sp

v−1
0 max

1⩽t⩽T
∥Wt(θt)∥−1

sp max
1⩽t⩽T

∥∥∥∥∥∥E
(
∂2gt(θt)
∂θℓ2∂θ

′

)∥∥∥∥∥∥+ op(1) = Op(1).

Summing up, we get: ∀ℓ2,

max
1⩽t⩽T

∥∥∥∥∥∥∂A1,t(θt)
∂θℓ2

∥∥∥∥∥∥ = Op(1).

Proof of (A.15). Consider

∂A2,ℓ2,t(θt)
∂θ

= 2
[

1
Tb

T∑
j=1

k jtg j(θt)
]′∂W−1

T,t(θt)
∂θℓ2

[
1

Tb

T∑
j=1

k jt
∂g j(θt)
∂θ′

]
+

[
A2,1,1,t(θt) · · · A2,d,1,t(θt)

]
1×d

,

where a typical element A2,ℓ4,1,t(θt), ℓ4 = 1, 2, · · · , d is given by

A2,ℓ4,1,t(θt) =
[

1
Tb

T∑
j=1

k jtg j(θt)
]′
∂2WT,t(θt)
∂θℓ1∂θℓ4

[
1

Tb

T∑
j=1

k jtg j(θt)
]
.

Since both elements above involves 1
Tb

∑T
j=1 k jtg j(θt), similar arguments as above leads to (A.15),

which concludes the claim. Again, by triangular inequality, we establish (A.9):

max
1⩽t⩽T

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥
sp

⩽ max
1⩽t⩽T

∥∥∥B1,t(θt)
∥∥∥

sp
+ max

1⩽t⩽T

∥∥∥B2,t(θt)
∥∥∥

sp
= Op(1).
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We now move to (A.8):∥∥∥∥∥∥(∂2Qt,T (θt)
∂θ∂θ′

)−1
−

(∂2Qt,T (θt)
∂θ∂θ′

)−1
∥∥∥∥∥∥

sp

⩽

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥−1

sp

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

−
∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥
sp

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥
−1

.

We need to show:

max
1⩽t⩽T

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

−
∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥
sp

= op(1),

max
1⩽t⩽T

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥
−1

= Op(1).

These bounds follow immediately by letting θt
p
−→ θt uniformly over t (by the uniform consis-

tency of θ̂t) and (A.9).
Uniform consistency rate. By continuing from (A.7), we obtain the consistency results:

max
1⩽t⩽T

∥∥∥θ̂t − θt∥∥∥ ⩽ max
1⩽t⩽T

∥∥∥∥∥∥∂2Qt,T (θt)
∂θ∂θ′

∥∥∥∥∥∥−1

sp

max
1⩽t⩽T

∥∥∥∥∥∂Qt,T (θt)
∂θ

∥∥∥∥∥ + op(1)

= Op

(
b + (Tb)−1/2

√
log T

)
.

CLT. Based on the above analysis, we can rewrite the estimator as

√
Tb

(
θ̂t − θt

)
= −

(
∂2Qt,T (θt)
∂θθ′

)−1
∂Qt,T (θt)
∂θ

+ op(1)

= −(G′t (v0Wt)−1 Gt)−1G′t (v0Wt)−1 1
√

Tb

T∑
j=1

k jtg j(θt) + op(1).

Then, we have

√
Tb

θ̂t − θt + (G′t (v0Wt)−1 Gt)−1G′t (v0Wt)−1 1
Tb

T∑
j=1

k jt

(
g j(θ j) − g j(θt)

)
= −(G′t (v0Wt)−1 Gt)−1G′t (v0Wt)−1 1

√
Tb

T∑
j=1

k jtg j(θ j) + op(1).

By Lemma 1(ii), together with Slutsky’s theorem, we obtain

√
Tb

(
θ̂t − θt − bµ1θ

(1)
t

) d
−→ N

(
0, v0

(
G′tW

−1
t Gt

)−1
)
,

where µ1 =
∫

uK(u)du and v0 =
∫

K2(u)du. θ(1)
t is the first order derivative of θt. Gt and Wt are

11



given by

Gt = E
[∂gt(θt)
∂θ′

]
, Wt = Var

(
gt(θt)

)
.

This completes the proof.

A.3 Proof of Corollary 1

By triangular inequality,

∥∥∥ĜT,t −Gt

∥∥∥ ⩽ ∥∥∥∥∥∥∥ĜT,t −
1

Tb

T∑
j=1

k jt
∂g j(θt)
∂θ′

∥∥∥∥∥∥∥ +
∥∥∥∥∥∥∥ 1

Tb

T∑
j=1

k jt
∂g j(θt)
∂θ′

−Gt

∥∥∥∥∥∥∥
:= GT,t,1 +GT,t,2.

In the previous section, we have shown that
∥∥∥GT,t,2

∥∥∥ = op(1). For GT,t,1, notice that, by mean-value
theorem,

∥∥∥GT,t,1

∥∥∥ ⩽ 1
Tb

T∑
j=1

k jt

∥∥∥∥∥∥∂g j(θ̂t)
∂θ′

−
∂g j(θt)
∂θ′

∥∥∥∥∥∥ ⩽ 1
Tb

T∑
j=1

k jt

∥∥∥∥∥∥∥∂
2g j(θt)
∂θℓ∂θ′

∥∥∥∥∥∥∥∥∥∥θ̂t − θt∥∥∥,
which holds for all ℓ = 1, 2, · · · , d. Since maxθ∈Θ max1⩽t⩽T

∥∥∥∥∂2gt(θ)
∂θℓ∂θ′

∥∥∥∥
sp
< ∞ and by uniform

consistency we have that max1⩽t⩽T

∥∥∥θ̂t − θt∥∥∥ = op(1). This completes the proof.
For ŴT,t, by triangular inequality,

∥∥∥ŴT,t − v0Wt

∥∥∥ ⩽ ∥∥∥∥∥∥∥ŴT,t −
1

Tb

T∑
j=1

k2
jtg j(θt)g′j(θt)

∥∥∥∥∥∥∥ +
∥∥∥∥∥∥∥ 1

Tb

T∑
j=1

k2
jtg j(θt)g′j(θt) − v0Wt

∥∥∥∥∥∥∥
= WT,t,1 +WT,t,2.

In the previous section, we have shown that
∥∥∥WT,t,2

∥∥∥ = op(1). Following similar analysis as for
GT,t,1, we could show that

∥∥∥WT,t,1

∥∥∥ = op(1). This completes the proof.

A.4 Proof of Corollary 2

Consider the following decomposition of VT,t:
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VT,t =
(
Ŵ−1/2

T,t − v−1/2
0 W−1/2

t + v−1/2
0 W−1/2

t

) 1
√

Tb

T∑
j=1

k jtg j(θ̂t)

= v−1/2
0 W−1/2

t
1
√

Tb

T∑
j=1

k jtg j(θt) +W−1/2
t Gt

√
Tb

(
−

(
G′tW

−1
t Gt

)−1G′tW
−1
t

1
Tb

T∑
j=1

k jtg j(θt)
)
+ op(1)

= v−1/2
0 W−1/2

t

(
Im −Gt

(
G′tW

−1
t Gt

)−1G′tW
−1
t

) 1
√

Tb

T∑
j=1

k jtg j(θt) + op(1)

= v−1/2
0 W−1/2

t

(
Im −Gt

(
G′tW

−1
t Gt

)−1G′tW
−1
t

) 1
√

Tb

T∑
j=1

k jt

(
g j(θ j) +

∂g j(θt)
∂θ′

(θt − θ j)
)
+ op(1)

= v−1/2
0 W−1/2

t

(
Im −Gt

(
G′tW

−1
t Gt

)−1G′tW
−1
t

) 1
√

Tb

T∑
j=1

k jtg j(θ j) + op(1),

where v0 =
∫

K2(u)du. The second equality follows first from the fact that Ŵ−1/2
T,t is a consistent

estimator of W−1/2
t and the expansion of each g j(θ̂t) around true g j(θt). The fourth equality follows

from the expansion of each g j(θt) around g j(θ j). The last equality follows by the assumption
T 1/2b3/2 → 0 so that the smoothing bias vanishes asymptotically.

Recall that v−1/2
0 W−1/2

t
1
√

Tb

∑T
j=1 k jtg j(θ j) converges to the standard normal distribution and

the fact that Im − Gt
(
G′tW

−1
t Gt

)−1G′tW
−1
t is idempotent of rank m − d. Then, the results follow

immediately from Rao et al. (1973)(p.186).

B Auxiliary results

Definition B1. The random function f (x, θ) : R × Θ → R satisfies the standard measurability

and differentiability conditions on R × Θ→ R if

(1) for each θ ∈ Θ, f (·, θ) is measurable;

(2) for each x ∈ R, f (x, ·) is twice continuously differentiable on Θ.

We shall obtain the uniform bounds for sums

S T,t(θ) :=
1

Tb

T∑
j=1

k jt
(
f j(θ) − E f j(θ)

)
, (B.1)

∆T,t(θ) :=
1

Tb

T∑
j=1

k jt
(
E f r

j (θ) − E f r
t (θ)

)
, (B.2)

for r = 1, 2.
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Assumption B1. (i) Θ is compact;

(ii) The stochastic process xt is an α-mixing (but not necessarily stationary) sequence with the

mixing coefficients α( j) satisfying α( j) ⩽ cϕ j with 0 < ϕ < 1 and c > 0;

(iii) f (xt, θ) = ft(θ) satisfies the standard measurability and differentiability conditions as in

Definition B1 and

max
θ∈Θ

max
1⩽t⩽T
| ft(θ)|p < ∞, max

θ∈Θ
max
1⩽t⩽T

∣∣∣∣∣∂ ft(θ)
∂θ′

∣∣∣∣∣
p
< ∞,

for some p > 2;

(iv) For any θ ∈ Θ, E ( ft(θ))r = µr(t/T ) satisfies the following

|µr ( j/T ) − µr (t/T )| ⩽ C
(
| j − t|

T

)
, j, t = 1, 2, · · · ,T,

for r = 1, 2 and the positive constant C does not depend on j, t and T .

Assumption B2. The weights k jt are computed with a kernel function

k jt = K
( j − t

Tb
)
,

where b→ 0, Tb→ ∞. K(u), u ∈ R, is a non-negative continuous function satisfying

K(u) ⩽ C(1 + uν)−1, |(d/du)K(u)| ⩽ C(1 + uν)−1,

for some C > 0 and ν > 3.

Lemma B1. Under Assumptions B1-B2, we have

(1) (a) For any sequence 1 ⩽ t = tT ⩽ T, as b→ 0, Tb→ ∞,

max
θ∈Θ

∣∣∣S T,t(θ)
∣∣∣ = Op((Tb)−1/2);

(b) If c1T
2
p+δ−1 ⩽ b ⩽ c2T−δ for some δ > 0, c1, c2 > 0, p > 2 as in Assumption B1(iii), then

for any ε > 0, p > 2,

max
1⩽t⩽T

∣∣∣S T,t(θ)
∣∣∣ = Op

(
(Tb)−1/2 log1/2 T + (T 2b)1/p(Tb)ε−1).

(2) (a) For any sequence 1 ⩽ t = tT ⩽ T, as T → ∞,

max
θ∈Θ

∣∣∣∆T,t(θ)
∣∣∣ = Op(b);
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(b) If c1T
2
p+δ−1 ⩽ b ⩽ c2T−δ for some δ > 0, c1, c2 > 0, p > 2 as in Assumption B1(iii), then

for any ε > 0, p > 2,

max
1⩽t⩽T

∣∣∣∆T,t(θ)
∣∣∣ = Op

(
b
)
.

Proof. (1) (b) is (51) in Dendramis et al. (2021). For a given θ, (a) is (48) in Dendramis et al.
(2021)2. In the next step, we show that, results in (48) from Dendramis et al. (2021) hold
uniformly over θ. We follow the steps in Wooldridge (1994). Let δ > 0. Since Θ is compact,
there exists a finite covering of Θ, Θ ⊂ ∪K

j=1Θ j, where Θ j = Θδ(θ j) is the sphere of radius δ
about θ j and K ≡ K(δ). It follows that, for each ε > 0,

P
[

max
θ∈Θ

∣∣∣S T,t(θ)
∣∣∣ > (Tb)−1/2ε

]
⩽ P

[
max
1⩽ j⩽K

max
θ∈Θ j

∣∣∣S T,t(θ)
∣∣∣ > (Tb)−1/2ε

]
⩽

K∑
j=1

P
[

max
θ∈Θ j

∣∣∣S T,t(θ)
∣∣∣ > (Tb)−1/2ε

]
.

We will bound each probability in the above summand. For θ ∈ Θ j, by triangular inequality,

∣∣∣S T,t(θ)
∣∣∣ = ∣∣∣∣∣∣∣ 1

Tb

T∑
j=1

k jt
(
f j(θ) − f j(θ j) + f j(θ j) − E f j(θ j) + E f j(θ j) − E f j(θ)

)∣∣∣∣∣∣∣
⩽

1
Tb

T∑
j=1

k jt

∣∣∣ f j(θ) − f j(θ j)
∣∣∣ + 1

Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣ + 1

Tb

T∑
j=1

k jt

∣∣∣E f j(θ j) − E f j(θ)
∣∣∣.

Observe that ft(·) is differentiable, by mean-value theorem, we have∣∣∣ f j(θ) − f j(θ j)
∣∣∣ ⩽ c j

∣∣∣θ − θ j

∣∣∣ ⩽ δc j,
∣∣∣E f j(θ j) − E f j(θ)

∣∣∣ ⩽ c j

∣∣∣θ − θ j

∣∣∣ ⩽ δc j,

where
c j =

∂ f j(θ∗)
∂θ′

, c j = E
[∂ f j(θ∗∗)
∂θ′

]
,

for some θ∗, θ∗∗ lie between θ and θ j. Thus, we have

max
θ∈Θ j

∣∣∣S T,t(θ)
∣∣∣ ⩽ δ[ 1

Tb

T∑
j=1

k jt(c j − c j)
]
+

1
Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣ + 2δ

1
Tb

T∑
j=1

k jtc j

⩽ δ
[ 1
Tb

T∑
j=1

k jt(c j − c j)
]
+

1
Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣ + 2δC,

2The results presented in Dendramis et al. (2021) are expressed in terms of H = Tb.

15



where 1
Tb

∑T
j=1 k jtc j ⩽ C, which is implies by Assumption B1(iii). It follows that

P
[

max
θ∈Θ j

∣∣∣S T,t(θ)
∣∣∣ > (Tb)−1/2ε

]
⩽ P

[
δ
[ 1
Tb

T∑
j=1

k jt(c j − c j)
]
+

1
Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣

> (Tb)−1/2ε − 2δC
]

⩽ P
[[ 1

Tb

T∑
j=1

k jt(c j − c j)
]
+

1
Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣ > (Tb)−1/2 ε

2

]
,

where the second inequality follows by letting δ ⩽ 1 such that (Tb)−1/2ε − 2δC < (Tb)−1/2 ε
2 .

Letting θ∗ = θ∗∗, by applying (48) in Dendramis et al. (2021), we have

1
Tb

T∑
j=1

k jt(c j − c j) = Op((Tb)−1/2),
1

Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣ = Op((Tb)−1/2).

Then, since K = K(δ) is finite, we can choose T0, such that

P
[[ 1

Tb

T∑
j=1

k jt(c j − c j)
]
+

1
Tb

T∑
j=1

k jt

∣∣∣ f j(θ j) − E f j(θ j)
∣∣∣ > (Tb)−1/2 ε

2

]
⩽
ε

K

holds for all T ⩾ T0. Then

P
[

max
θ∈Θ

∣∣∣S T,t(θ)
∣∣∣ > (Tb)−1/2ε

]
⩽ ε,

which establishes the results.

(2) Notice that, when t is at the interior point,

∣∣∣∆T,t(θ)
∣∣∣ ⩽ C

1
Tb

T∑
j=1

k jt

(
| j − t|

T

)
≈ Cb

∫
uK(u)du = O(b),

where the approximation follows from Riemann sum approximation of an integral. The
results hold for all t. The proof of (2)(a) follows similar as in (1) by utilizing the compactness
of Θ, so we omit. The case when t is at the boundary point is also similar.

□

References

Davidson, J., 1994. Stochastic limit theory: An introduction for econometricians. OUP Oxford.

16



Dendramis, Y., Giraitis, L., Kapetanios, G., 2021. Estimation of time-varying covariance matrices
for large datasets. Econometric Theory 37, 1100–1134.

Hall, P., Heyde, C.C., 1980. Martingale limit theory and its application. Academic press.

Newey, W.K., McFadden, D., 1994. Large sample estimation and hypothesis testing. Handbook
of econometrics 4, 2111–2245.

Rao, C.R., Rao, C.R., Statistiker, M., Rao, C.R., Rao, C.R., 1973. Linear statistical inference and
its applications. volume 2. Wiley New York.

Wooldridge, J.M., 1994. Estimation and inference for dependent processes. Handbook of econo-
metrics 4, 2639–2738.

17


	Proof of main results
	Proof of Lemma 1
	Proof of Theorem 1
	Proof of Corollary 1
	Proof of Corollary 2

	Auxiliary results

