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1— Introduction

There has been growing interest in the limit theory of nonparametric time-varying coeflicient
cointegration regressions. This literature dates back to Park and Hahn 1999, who develop a series
estimator for time-varying cointegrating vectors in a single-equation framework. Within a kernel
estimation setting, Phillips, Li, and Gao 2017 show that conventional asymptotic theory under
stationarity breaks down when regressors are integrated, due to a kernel-induced degeneracy
in the weighted signal matrix. They introduce a novel rotational decomposition to resolve this
issue and establish the limit theory. Building on this work, Li, Phillips, and Gao 2020 extend
the framework to allow for cointegrated regressors and mixtures of stochastic and deterministic
trend components, while Kapetanios et al. 2020 develop inference procedures for time-varying
cointegration and apply them to long-run macroeconomic ratios for the UK (UK great ratios).

A common feature of this literature is the assumption that regressors are exactly integrated,
with autoregressive roots fixed at unity. However, a large body of empirical evidence suggests that
economic and financial time series often exhibit strong persistence without being precisely unit
root processes, with autoregressive roots lying in a neighborhood of unity. For example, Kostakis,
Magdalinos, and Stamatogiannis 2015 study stock return predictors that may be stationary, mildly
integrated, nearly integrated, or integrated, while Shi and Phillips 2023 model housing market
fundamentals using regressors that are assumed to be mildly or nearly integrated.

As in the related literature, consider the autoregressive coefficient matrix for the regressors
Xy

R, =1+ %;

where C = diag(cy, . .., ¢x) contains non-positive diagonal elements and « € [0, 1]. This speci-
fication nests stationary regressors (o = 0), local-to-unity processes (o« = 1; see Chan and Wei
1987; Phillips 1987), and the exact unit root case as special cases. When ¢; < 0and 0 < o < 1, we
follow Phillips and Magdalinos 2007a, Phillips and Magdalinos 2007b, and Magdalinos and Phillips
2009 in referring to such processes as mildly integrated. Following Phillips 1988, the local-to-unity
case is also referred to as nearly integrated.

Despite their empirical relevance, allowing for mildly or nearly integrated regressors substan-

tially complicates nonparametric estimation. In particular, kernel-based methods face additional



challenges due to the interaction between persistent regressors and local weighting schemes. To
address robustness concerns for instability in predictive regressions, Liu, Phillips, and Zhang 2025
propose a series-based approach for time-varying stock return predictability that extends the
framework of Kostakis, Magdalinos, and Stamatogiannis 2015. However, the exact large-sample
properties of kernel estimators in time-varying coeflicient cointegration models, especially in the
presence of mildly or nearly integrated regressors, have not yet been fully worked out. This paper
aims to fill this gap.

In this paper, we establish limit theory for Nadaraya-Watson local level estimation of time-
varying cointegrating coefficients in a cointegrated system when regressors are either nearly or
mildly integrated. In the nearly integrated case, we show that, as in the exactly integrated setting,
conventional kernel methods encounter a degeneracy problem due to asymptotic singularity of the
weighted signal matrix. Following Phillips, Li, and Gao 2017, we employ a rotational decomposition
to develop the limit theory. The resulting asymptotics exhibit two distinct convergence rates in
the different directions associated with the rotations: a type I super-consistency rate of ny/h and
a type II super-consistency rate of nh, where h := h,, denotes the bandwidth parameter.

The results differ fundamentally in the mildly integrated case. We show that the weighted
signal matrix is asymptotically well behaved and that the estimator is consistent, provided that
n'~®h — oo. This condition is stronger than the standard requirement n/, — oo under stationarity
and reflects the reduction in effective local sample size induced by regressor persistence. Achieving
standard asymptotic normality, however, requires bias correction and stronger rate conditions. In
particular, the bandwidth must satisfy n('+®/2p5/2 — ¢ € (0, c0) together with the additional
conditions n'~*h? — oo and n'/>~*v/h — 0.

The theoretical findings are illustrated via an extensive Monte Carlo study. In the nearly
integrated case, the simulation results show that the bias decays at a faster rate in one rotation
direction than in the orthogonal direction. In mildly integrated case, we examine both mean
squared error and 95% coverage probability of the estimator and its bias-corrected counterpart
across a range of persistence parameters o and dependence structures. The results show that the
bias-corrected estimator delivers substantial efficiency gains for relatively small values of a.. As «
increases, however, the impact of bias correction diminishes and the two estimators exhibit nearly

identical behavior. In addition, the coverage probabilities of confidence intervals display a hump-



shaped pattern as « varies, reflecting the finite-sample trade-off between eliminating simultaneous-
equation bias and satisfying the rate conditions required for valid variance approximation. Overall,
the Monte Carlo evidence closely aligns with the theoretical analysis and highlights the practical
relevance of the proposed bias correction in empirically relevant settings.

The rest of the paper is organised as follows. Section 2 introduces the model, lays out the
assumptions, and presents the estimator. Section 3 develops the asymptotic theory for nearly
integrated system and Section 4 establishes the asymptotic theory for mildly integrated system.
Section 5 presents an extensive Monte Carlo study and Section 6 concludes. All mathematical
proofs and additional technical details are collected in the Appendix, and the Online Supplement

contains additional lemmas needed for the theoretical development.

2 — Model and the estimator

We consider the triangular system (cf. Phillips 1991) with time-varying coefficients

v = A Xy + ugy, (1)

Xt == Rnthl + Uy, (2)
C

Rn:IlH_E’ a € (0,1], C=diag(cy,---,cx), (3)

fort = 1,2,--- ,n. The system is initialized at some Xy = O,(1). A, := A(t/n)isand X k
matrix of time-varying "cointegrating" coefficients, with elements measured as functions of scaled
time point ¢/n. ¢; is assumed to be negative for all i, wherei = 1,2,--- | k.

For any fixed zy € (0, 1), under a suitable smoothness condition on A(-) (Assumption 2), we

have

A(t/n) = Alz) + 0('% —

> ~ A(Zo), (4)

where t/n lies in a small neighbourhood of zy. The Nadaraya-Watson type local level regression

estimator of A(zg) has the usual form given by

A, () = [ZK (t ‘n;jz‘)) yiX] ] [ZK (t ;Z"“) XX/ ] , ©)

t=1



where K (-) is some kernel function, and & is a bandwidth parameter. We make the following

assumptions on the kernel function K (-) and bandwidth h.

Assumption 1. (i) The kernel function K (-) is Lipschitz-continuous, positive, symmetric, and
has compact support [—1, 1] with f_ll K(u)du = 1.

(ii) The bandwidth h := h,, satisfies h — 0 and nh — oo, as n — oo.
The smoothness condition on A(+) is given below.

Assumption 2. Let a("2)(t/n) be the (i1, i;)th elements in A(t/n), where i; = 1,2,--- ,d,

iy = 1,2, -+, k. AU1%2)(.) is a real function and is twice continuously differentiable on (0, 1).
. : T : : .
We assume that the innovations u; = (u&, u;) are determined according to the linear
process
[e.9]
u; = ‘P(E)Et = Z @jgtfj; (6)
=0

where (L) = Y77, D, L7, B, is a sequence of (d + k) x (d + k) matrices, L is the lag operator,
and (&;); is a sequence of independent and identically distributed (i.i.d.) random vectors with

dimension d + k. We impose the following conditions.

Assumption 3. (i) Let (&;); be i.i.d. (d + k)-dimensional random vectors with E(e;) = 0,
3. :=E(eg] ) > 0, and E||&;||” < oo, for some p > 4. (ii) The coefficient matrices in (6) satisfy
2= | @]l < oo and [@(1)] # 0.

Under Assumption 3, u; has covariance matrix 3 = » % | ®; . @], with E|lu||” < oo, for
some p > 4. By functional central limit theory (FCLT) for linear process (cf. Phillips and Solo
1992), we have

n23 w5 N (0,9), (7)

t=1
with covariance matrix Q = ®(1)X.®(1)" > 0 and ®(1) = ;o ®;. For the ease of theoretical

development, we partition 3, ®(1), and 2 comfortably with u; as

Yoo Xox ®(1) Qoo Qo
E — 3 (b(l) - P Q == 9



where ®((1) and ®,(1) are of dimension d x (d + k) and k X (d + k), respectively. Using the

Beveridge—Nelson (BN) decomposition, we have the following decomposition for u;:

u, = ®(1)e;, — Ay, for ut—Z<I> e, ®;= Z P, 3)

j=0 k=j+1

where . Corresponding to the partition of u;, we write

o oo
Ug; = E DPyiei_j, ug = E Dyiei_j, )
=0 4=0
and also
o0 o0
Uyt = E ijetfja Uyt = E q)mjetfja (10)
j=0 j=0

where @, :I;()j are of dimension d x (d + k) and ®,;, ‘i;rj are of dimension K x (d + k),
respectively.
In addition, the limit theory also involves the partitioned components of the one-sided long-run

covariance matrix

AOO AOx

A= = Z]E (ututT_j)

A:):O A:L":E J=1

Asusual, wehave @ =X + A + AT and

A=) &, ;5. =) Z Py | @) = Z ®,5.®] =E (uu/).
j=1 k=0 k=0 \j=1 =

3 — Asymptotic theory for nearly integrated system

In this section’, we derive the asymptotic properties of the local level regression estimator (5)

when regressors X, are nearly integrated. We shall first consider the asymptotic behavior of the

1. Throughout Section 3 and the subsequent proofs in Sections A.1, A.2, and B, matrices involving the inverse
of the weighted signal matrix are written using the Moore-Penrose generalized inverse (-)* rather than the usual
inverse (-) 71, to accommodate the possible degeneracy of the limit matrix. Once nonsingularity is established a.s.,
the generalized inverse coincides with the ordinary inverse, and the distinction between (-)* and (-)~! becomes
immaterial.



weighted signal matrix

- t—nz
An(z0) =) K < — 0) XX, .

t=1

This is characterised in the next lemma.

Lemma 1. If Assumptions 1-3 are satisfied. Then, for any fixed 2z, € (0, 1),

1

57 Aalz0) = Kel(z0)Ke(z0)-

Observe that K¢ (2g) is a Gaussian process which, for fixed 2y € (0, 1), has the distribution

Kc(z0) =N (0451, Xk (20))

where X (z) == [;" e0=9)CQ, e(209C ds. Consequently, K (20) K (20) is a (possibly singu-
lar) Wishart variate with one degree of freedom and scale matrix 3 k(2 ), and hence has rank one
almost surely whenever X (z) is nonsingular. Therefore, the limiting matrix in Lemma 1 is rank
one, implying that —- A, (2) is asymptotically singular whenever dim(X,) =k > 1.

To deal with this limiting degeneracy issue, we follow the rotation decomposition approach
introduced in Phillips, Li, and Gao 2017 for the exactly integrated case. Define k = k,, = K¢ (20)

and set

Gk K
(kT2 k[

Let g be the k x (k — 1) be the orthogonal component matrix such that Q = (q, qL), Q'Q=1I.
The sample version of these quantities is

k,, k,, 1

- k,, = k(20) = —=X.
k) ” Tk’ (o) = %

qn =

Moreover, let Q,, = (qm @ ), Q. Q. = I, and defined the standardization matrix
D, = diag {n\/ﬁ, (nh)Ik_l} :

Note that both QQ and Q,, are random, path dependent, and localized to the point 2y and z, =

| (z0 — h)n|, respectively.



The following theorem gives the asymptotic distribution of A, (2).

Theorem 1. If Assumptions 1-3 are satisfied and nh*? — ¢ € (0, 00). For any fixed z, € (0, 1),

we have

(Kn(zo) - A(z0)> Q. D, — By (2) —%5 T(20) A% (20). (11)

B, (o) is a bias process of order nh*? in probability. A(z) is defined as

AZo,l AZO,2
Ay oz | BC0D Ao

A(z,2)" A(z0,3)

with

A(z,1) =k'k,
Aao2) = vEI | [ K ()] o
s () (23]

and is nonsingular a.s.. I'(2) is defined as

I'(z) = [F(ZO,U I‘(zO,Z)l :

with

T(20,1) \/_HkH/ K(r)dB; (731)

T(20,2) = 2 [/_1 K(r)dB} (T ; 1) K (7" ; 1) + % (S0, + A@] q*

T

T T T T
and (KC* (r), By *(r)) is an independent copy of (Kc(r), Bg(ﬂ) )

Several comments are in order. First, as we expect, two types of convergence rates are involved.

In the direction of q,,, we have a faster convergence rate given by

(R(e0) ~ ) 40 = 0, ().

8



which is called type I super-consistency as in Phillips, Li, and Gao 2017. In the direction of q.,
(11) gives

(Kn(zo) - A(Zo)> q, =0, (%) ;

which is slower than the n\/h rate in the direction of ¢,,. We also name it type II super-consistency.

Second, while in the direction of q,,, f_11 K(r)dB; (%) is distributed as \/ (0, %Uoﬂog) with
vy = fjl K?(u)du. This is identical to the unit root case considered in Phillips, Li, and Gao 2017. In
the direction of q, fjl K(r)Kg (%1) dB; (%1) has a nonstandard limiting distribution, which
is also different from the unit root case.

Third, in analogy with standard kernel estimation under stationarity, one might expect that a
condition such as nh®? — ¢ for some finite constant ¢ would be sufficient. In the present setting,
as detailed in the proof of Theorem 1, B,,(zo) inherits two distinct stochastic rates associated with
the rotated directions q,, and g, so that to ensure that this random bias does not dominate the
leading stochastic term in the asymptotic distribution, we have to impose the condition nh*/? — c.

Finally, it is worth noting that, unlike the stationary case, the bias process B,,(zo) is random
and path dependent. Under the bandwidth condition nh*? — ¢ € (0, 00), this term contributes a
nondegenerate component to the limit distribution. If instead the bandwidth is chosen so that
nh3/? = 0, as in Phillips, Li, and Gao 2017 (corresponding to y; = 1 in their notation), then the
estimator operates in an undersmoothing regime and B,,(29) = 0,(1). In that case, the smoothing

bias vanishes asymptotically.

4 — Asymptotic theory for mildly integrated system

In this section, we consider the case when regressors X; are mildly integrated. In view of Lemma 1,
it is natural to ask whether the weighted signal matrix A,,(2;) admits a nondegenerate probability
limit. We show below that this difficulty does not arise under mild integration, provided that

certain condition is satisfied.

Lemma 2. Under Assumptions 1-3, we have, for any fixed zy € (0,1)

L AL() = Ve 4 O, (#) , (12)



where V,, := fooo e"CQ,e"Cdr.

When the condition n!=*h — oo is satisfied, anlahAn(zo) remains well behaved asymptoti-

cally in the sense that
1

mAn(zo) 25 Vo

This local information condition n'~®h — oo reflects the reduction in the effective local sample
size induced by regressor persistence. When a — 0, this condition reduces to the standard
requirement nh — oo under stationarity. When o« — 1, corresponding to the case considered in

the previous section, the condition n!~*h — oo no longer holds, since i — 0.

We now have our theorem regarding to the consistency of our estimator (5).

Theorem 2. If Assumptions 1-3 are satisfied. Then, for any fixed zy € (0,1) and any « € (0, 1)

such that the condition n'~*h — oo holds. We have

~ 1 1 1
An(z0) — A H:O h2 ). 13
R e e 13)
Several comments are in order. First, Theorem 2 implies that A, (z9) —— A(z) for any fixed
20 € (0,1), as long as n'~*h — oo. Of course, when o — 0, it becomes Hgn(z[)) — A(ZO)H =
O,(1), so that _?An(zo) is inconsistent due to the usual simultaneous equation bias problem. Second,
~ T ~
if we write (Vec (An(zo) - A(zo)>) (VGC (An(zo) - A(zo))> = Ty.n0n, Where ¢, is a scalar

O,(1) random variable and r,, , = h? + — +

L 4 L The first-order condition of r,, ;, with
n 2 Vh ’

/n/(X

respect to h gives the desired result that the MSE-optimal bandwidth is given by h =< n~(1+)/5,

sothat n 3" h3/2 — ¢ € (0,00)? Finally, in contrast to the stationary case, the smoothing bias
is not O, (h?) alone. Instead, it is O, (nl;—a + h2). The extra n~ (1= term reflects the remainder
induced by persistent regressors. Under the MSE-optimal bandwidth . =< n~=(1*®)/5 the two

=) do not admit a uniform ordering. A clear classical ordering is

bias components h? and 1~
recovered only under the stronger condition n!=*h? — oo.

To establish a central limit theorem (C.L.T.) requires the knowledge of dominating term in the
expansion of Kn(zo) — A(zp). However, based on Theorem 2, there is no clear ordering of these

terms, unless further restrictions are imposed. Then, we have the following theorem.

2. h =< n~(1+9)/5 entails under smoothing relative to the stationary case, where it is h =< n~'/® (Cai 2007) for
any fixed zg € (0,1).

10



Theorem 3. If Assumptions 1-3 are satisfied. Then, for any fixed zy € (0, 1) and any a € (0, 1)

such that the conditions n" 2~ h%/2 — ¢ € (0,00), n'=*h? — o0, and nz=%vh — 0 hold. We have
n® - (An(z0) — Alz0)) 2 (Aow + Zor) Vi, (14)

The limiting distribution degenerates. As detailed in the proof of Lemma C.4, the condition
nz2=vh — 0 only eliminates one source of bias but terms related to simultaneous equation bias
still dominates. To restore the standard asymptotic Normality, we propose a bias-corrected local
level regression estimator An(z()) defined by

1
, (15)

u t—nz
An(Zo) = [ZK ( h O) YtX:g - Kln : (A(]z + EO.T)

& t —nz T
E K XX
t=1 ( nh ) o ]

where Ky, =Y 1 | K (t_n%) In practice, one may estimate A, + X, using HAC-type long-
run covariance estimator or by exploiting the finite order VAR automated regression method by

Phillips 2005.” The asymptotic distribution of the estimator Kn(zo) is given in the next theorem.

Theorem 4. If Assumptions 1-3 are satisfied. Then, for any fixed z, € (0,1) and any o € (0, 1)

such that the conditions n =" h%/2 — ¢ € (0,00), n'=*h? — oo, and nz=%/h — 0 hold. We have

2

nHTa h - vec (An(z(]) — A(z) — %M V2A<ZO)> i> N(Odkth) ) (16)

where V := 1,V ! @ Qqgp, vo = f_ll K?(u)du, and V, is defined as in Lemma 2.

From Theorem 4, we see that the convergence rate of the estimator is n2* v'h, which nests
the rates in the existing literature. When o — 0, the rate reduces to v/nh, coinciding with the
stationary case considered in Cai (2007). When o« — 1, the rate becomes nv/'h, which corresponds

to the type I super-consistency as in Theorem 1 for the nearly integrated system.

Remark 1. It is worth noting that, both Theorem 3 and Theorem 4 are derived under a set

of additional conditions. Given the MSE-optimal bandwidth choice i = ¢ - n~(+2)/5 the con-

3. The feasible version of the estimator (Ao, + 3¢, replaced by KOm—i—ZA]Ox in (15)) is analogous to the nonparametric
version of the fully modified OLS estimator (FM-OLS) (Phillips and Hansen 1990) proposed in Phillips, Li, and Gao
2017 for the integrated case. The role of this adjustment is to remove the leading simultaneous-equation bias. No
additional endogeneity correction is required beyond this adjustment.

11



dition n'~*h? — oo requires o < 3/7. On the other hand, eliminating an additional source of
simultaneous-equation bias (Lemma C.4) requires nz~®v/h — 0, which implies that o > 4/11.
Therefore, the allowable range of « for Normal inference is (4/11, 3/7). We shall investigate more

on finite sample implications in Section 5.2.

5 — Monte Carlo study

5.1. Nearly integrated system

We use the Data Generating Process (D.G.P.) as in Phillips, Li, and Gao 2017:
AT
Y = Ay Xy + Uy,

where A; = (ay, agt)T has the following functional forms
e Ml:ay; =1+ %, Qop = e_%;
« M2: ay; = cos(2nt/n), agy = sin(27t/n).
The regressor X; = (x4, th)T is generated according to x;; = (1 — %) Tit—1 + U for

i = 1,2. We generate w; = (uoz, U1 4+, umt)T from a VAR(1) process
u, = IHu,_q + &4,

where IT = diag (p, p1, p2) and the innovation vector €, ~ N (03x1, (1 — A\)I3 + J3). We consider
seven cases:

« Casel: p=p; =py=0,\A=0;

« Case2: p=p; = p = 0.5, A= 0.5;

« Case3: p=p; =0.5, p = —0.5, A\ =0.5;

« Case4: p=py = 0.5, py = —0.5, A\ = 0.5;

« Case5: p=p; = py=0.5 A= —-0.5

« Case 6: p=p; = 0.5, po = —0.5, \ = —0.5;

« Case 7: p = pg = 0.5, py = —0.5, A\ = —0.5.

1

To compute the estimator (5), we employ the uniform kernel, K (u) = 31(Ju| < 1). The

2/3

bandwidth parameter A is set to h = ¢ - n~(?/3 with ¢ ranging from 0.01 to 1.5 with step size

12



0.02. Then, c is selected by leave-one-out cross-validation method. We consider two sample sizes:
n = 500, 1000. The Monte Carlo analysis is based on R = 10, 000 replications.
As in Section 3, we use the following notations: z, = |(z9 — h)n|, X., = (#1.,,22.,)
T
Ll,zn L2,2n — T —
k() = 7=Xe dul20) = iy = (Hi’mw m> = (@n(20); @2n(20)) . and gy, (20) =
(p1n(20), pgn(Z()))T. Given that Q,(zy) = [qn(zo), qﬁ(zo)} has to be orthonormal, we set p1,,(zg) =

¢2n(20) and pa,(20) = —@qin(20). The performance of the estimators is evaluated based on the

transformed quantities

a1n(20) = qin(20) [@1n(20) — @1(20)] + G2n(20) [G2n(20) — a2(20)],

azn(20) = P1n(20) [a1n(20) — @1(20)] + P2n(20) [G2n(20) — aa(20)]

where A, = (G1n(20), &gn(zo))T. We report %Zle Qin,j(20) for i = 1,2 at the middle point

zp = 0.5, where @;,, ;(20) is the value of @;,, (o) at the jth iteration.

The simulation results are reported in Table 1. In most of the cases, |G1,(z0)| is consistently
smaller than |as,, (zo)|, which is broadly consistent with the asymptotic theory developed in Section

3 that |a1,(20)| converges to zero at a faster rate than |as,(2o)|-

Table 1—Small sample properties of the estimator (5) for near integrated regressors:
absolute average of @;,(2) at zo = 0.5

Casel Case2 Case3 Case4 Case5 Case6 Case?7

M1 n = 500
|la1n(20)] 0.0009 0.0013 0.0023 0.0021 0.0009 0.0030 0.0018
|a2n(20)| 0.0059 0.0064 0.0021 0.0055 0.0059 0.0058 0.0076

n = 1000
|la1n(20)| 0.0001 0.0004 0.0013 0.0008 0.0004 0.0004 0.0001

|a2n (20)| 0.0015 0.0056 0.0030 0.0067 0.0039 0.0038 0.0023

M2 n = 500
|d1n(zo)| 0.0010 0.0019 0.0013 0.0029 0.0014 0.0032 0.0032

|aon (20)| 0.0016 0.0035 0.0024 0.0099 0.0086 0.0035 0.0005
n = 1000

|@1n(20)| 0.0000 0.0002 0.0015 0.0009 0.0006 0.0001 0.0008
|aon (20)| 0.0040 0.0013 0.0042 0.0029 0.0047 0.0043 0.0047

13



5.2. Mildly integrated system

We generate data using the model:

v = A Xy + uoy,

Xt:RnXt—1+umt7 t:1727 y 1,

where R, = 1—1/n* a € (0,1), Ay = A(t/n) = 1 4+ t/n. As in Phillips and Hansen 1990,

u; = (ugt, uge) is generated according to a bivariate MA(1) process
jid
u; = &4+ @Etfb &t ~ N(O, ES)

with

01 0.6 021 1

and 051, 097 allowed to vary. We evaluate the estimators over the combinations #5; € 0.8,0.4,0.0
and 091 € —0.8,—-0.4,0.4,0.8.
To compute the estimators (5) and (15), we employ the uniform kernel, K'(u) = 11(|u| < 1).

The bandwidth parameter h is set to h = ¢ - n~(1+)/5

with ¢ ranging from 0.01 to 1.5 with step
size 0.02. Then, c is selected by leave-one-out cross-validation method. We consider two sample
sizes: n = 500, 1000. The Monte Carlo analysis is based on 10,000 replications.

The performance of the estimators is evaluated by the mean squared error (MSE). For the

estimator (15), we also report the 95% coverage probability (CP), which is the estimated probability

that the true A(z) lies in the interval
(A(zo) — 1.965.d.(A(20)), A(z) + 1.96 s.d.(A(zo») ,

where s.d.(A(z)) is the asymptotic variance of the estimator obtained from Theorem 1. For both
MSE and CP, we report the results at the middle point 2, = 0.5.
Tables 2-3 report average MSE for both estimators (5) and (15) for a € {0.1,0.2,0.3} and

a € {0.5,0.7,0.9}, respectively. Let us first comment on the results for o € {0.1,0.2,0.3}. First,

14



MSE decreases with the sample size for both estimators. Second, MSE reduction from (15) are
substantial when o9 is negative. This is not surprising. Under our data generating process
(D.G.P.), straightforward calculation shows that Ay, = 0.309; — 0.4, o, = —0.24 + 1.1809; +
0.302; — 0.409102;. By Lemma C.4, under the condition n%_a\/ﬁ — 0, the amount of remaining
simultaneous equation bias is given by Ay, + 2., which is substantially larger when o9, is
negative.

Turning to the case o € {0.5,0.7,0.9}, the performances of the two estimators are generally
indistinguishable. By Theorem 2 and the construction of (15), the bias-correction term removes a
component of order O(n~%). As « increases, this term vanishes at a faster rate, so that the two
estimators exhibit nearly identical finite-sample behavior.

Figures 1-2 report the 95% coverage probability (CP) for the case 09y = —0.8 over the grid
a € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. The CP displays a pronounced hump-shaped pattern,
increasing for small values of o before declining as « increases. While consistency (Theorem
2) only requires minimal additional restriction n'~*h — oo, asymptotic Normality does require
more restrictions (Theorem 4). As explained in Remark 1, the admissible range of o for Normal
inference is (4/11,3/7). As 4/11 ~ 0.364 and 3/7 ~ 0.429, this theoretical threshold is broadly

consistent with the coverage plots, where CP peaks at @ = 0.3 and gradually declines afterwards.

6 — Conclusion

This paper establishes the limit theory for Nadaraya-Watson type local level estimation of time-
varying cointegrating coefficients in systems with nearly or mildly integrated regressors. In
the nearly integrated case, we show that, conventional kernel methods encounter a degeneracy
problem due to asymptotic singularity of the weighted signal matrix. We employ a rotational
decomposition to develop the limit theory. In the mildly integrated case, We show that, the signal
matrix remains asymptotically well behaved, and the estimator is consistent under a strengthened
local information condition that reflects the reduced effective sample size induced by regressor
persistence. At the same time, the resulting asymptotic behavior differs markedly from the
stationary benchmark, with convergence rates and bias properties that depend explicitly on

the degree of persistence. A bias-corrected local level estimator is proposed to restore standard
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Table 2 —Small sample properties of the estimators (5) and (15) for mildly integrated
regressor: MSE at z; = 0.5 for a € {0.1,0.2,0.3}

a=0.1 a=0.2 a=03

03 =08 04 00 6;=08 04 00 6;=08 04 0.0

n = 500

0921 = —0.8

An(20) 0.435 0.502 0.378 0.277 0.230 0.142 0.145 0.092 0.049
gn(zo) 0.112 0.140 0.070 0.084 0.075 0.019 0.066 0.033 0.010
0921 = —0.4

An(20) 0.076 0.140 0.164 0.052 0.071 0.068 0.031 0.034 0.026
Kn(zo) 0.034 0.053 0.047 0.021 0.027 0.018 0.015 0.016 0.009
0921 = 0.4

An(20) 0.005 0.006 0.008 0.002 0.003 0.005 0.002 0.002 0.003
Xn(zo) 0.004 0.006 0.010 0.002 0.003 0.005 0.002 0.002 0.003
091 = 0.8

An(20) 0.016 0.032 0.069 0.004 0.009 0.019 0.002 0.003 0.006
A, (20) 0.002  0.002 0.004  0.001  0.001 0.002 0.001  0.001 0.002

n = 1000

0921 = —0.8

An(20) 0.413 0.455 0.337 0.219 0.175 0.108 0.092 0.058 0.032
Xn(zo) 0.074 0.078 0.038 0.037 0.025 0.008 0.022 0.011 0.003
091 = —0.4

An(20) 0.065 0.122 0.144 0.036 0.051 0.051 0.017 0.019 0.016
gn(zo) 0.022 0.029 0.025 0.010 0.011 0.007 0.006 0.006 0.004
091 = 0.4

An(20) 0.003 0.004 0.004 0.001 0.002 0.002 0.001 0.001 0.002
An(20) 0.002 0.004 0.006 0.001 0.002 0.002 0.001 0.001 0.002
091 = 0.8

An(zo) 0.013 0.027 0.059 0.003 0.006 0.014 0.001 0.002 0.004
A (20) 0.001 0.001 0.002 0.001 0.001 0.001 0.001 0.001 0.001
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Table 3 —Small sample properties of the estimators (5) and (15) for mildly integrated
regressor: MSE at z; = 0.5 for a € {0.1,0.2,0.3}

a=0.5 a=0.7 a=0.9

03 =08 04 00 6;=08 04 00 6;=08 04 0.0

n = 500

0921 = —0.8

An(20) 0.043 0.020 0.008 0.019 0.009 0.004 0.011 0.005 0.002
gn(zo) 0.032 0.022 0.009 0.017 0.017 0.011 0.011 0.010 0.008
091 = —0.4

An(20) 0.012 0.010 0.006 0.006 0.005 0.004 0.004 0.003 0.002
Kn(zo) 0.008 0.009 0.007 0.004 0.005 0.007 0.003 0.004 0.004
091 = 0.4

An(20) 0.002 0.002 0.002 0.001 0.001 0.002 0.001 0.001 0.001
Xn(zo) 0.002 0.002 0.002 0.001 0.001 0.002 0.001 0.001 0.001
091 = 0.8

An(20) 0.001 0.001 0.002 0.001 0.001 0.001 0.000 0.001 0.001
A, (20) 0.001  0.001 0.002  0.001  0.001 0.001 0.001  0.001 0.001

n = 1000

0921 = —0.8

Ap(20) 0.019  0.009 0.004  0.007 0.003 0.001 0.004  0.002 0.001
Xn(zo) 0.009 0.005 0.002 0.005 0.004 0.003 0.003 0.003 0.002
091 = —0.4

An(20) 0.005 0.004 0.003 0.002 0.002 0.001 0.001 0.001 0.001
A, (20) 0.003  0.003 0.002  0.002  0.002 0.002 0.001  0.001 0.001
091 = 0.4

An(20) 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.000 0.000
An(20) 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.000 0.000
091 = 0.8

An(zo) 0.000 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000
A (20) 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.000 0.000
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n=500, 0'21=-0.8
T

0.9

Coverage probability (95%)

; weenyeees 821=0.0
06¢ l ! | | \ I \
01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
a
Figure 1—95% coverage probabilities: n = 500, 05; = —0.8.
n=1000, 03,=-0.8
0.9

Coverage probability (95%)

0.55 | | | | | | |
0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9
a

Figure 2 —95% coverage probabilities: n = 1000, 09 = —0.8.
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asymptotic normality under additional rate conditions.

Monte Carlo simulations illustrate the theoretical results and show that a clear pattern for
different directional convergence rates for the nearly integrated case. In the mildly integrated
case, the bias correction is particularly effective when persistence is moderate, while its impact
diminishes as the persistence parameter increases. Overall, the analysis clarifies how kernel
smoothing interacts with near and mild integration and highlights the finite-sample implications

from the asymptotic theory.
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A — Mathematical proofs

A.1. Proof of Lemma 1

Take a neighborhood N,,.,(h) = [[(20 — h)n], |(z0 + h)n|] of |zon] and let z, = [(z0 — h)n].

We have the following representation for A,,(2p):

t —nz
Z K( 0) (Xt - in + XZn) (Xt - XZn + XZn)T
- t—nz T a t—nz T
= K X, X K X, — X, )X
( nh ) nT T Zn +; ( nh ) ( t n) Zn

_ t—nz T = t — nzy
+ZK( — )in(Xt—in) +ZK< —
t=1 t=1

= An1(20> + AHQ(Z()) + Ang(Zo) + An4(20).

) (=X (% - X"

By Assumption 1 and a Riemann-sum approximation, we have

t_
nhz ( "ZO) /K 0< 2 < 1.

21



Together with Lemma S.1(i) and Slutsky’s theorem, this implies

1 X, X! 1 — t—

For A,2(2), Lemma S.1 implies | X, || = O,(y/n) and, uniformly for t € N, (h), || X; —

X, |l = O,(Vnh), where N, (h) is a set of integers in N,,.,(h). We have

[(zo+h)n] t— nz
el <Xl > K () XX
t=[(zo—h)n|+1
= 0y (V) x O(nh) x O, (Vnh) = Oy (n*h*"%) . (A.2)
Similarly, we can show that

1Ans(20)l| = Op (n*h*%) || Aa(20)|| = Op (n*h?), (A3)

In view of (A.1), (A.2), and (A.3), we deduce that

1

53 Au(z0) = Ko (20)K(z0).

A.2. Proof of Theorem 1

We have the following decomposition
<An<ZO> - A(Z0)> QnDn
n n +
t —nz T + +AOT t —nz T +
(Z K ( - > (A = Alz0) XX, ) QnDn] [Dn QXK () X! | Qi
- t - t '
— <o T + +0O7 — <o T +
(ZK (5w, ) QnDn] [Dnczn (gK () xx ) Q.D;

= B, (20) A (20) + Tn(20) A (20).

n

(A4)
We shall analyze B,,(29). For A, (29) and I',,(29), they are given in Lemma B.1 and Lemma
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B.2, respectively. Notice that

- t—nz

B = (0K () (A - AGa) XX ) Q.D;
t=1

= | i K (g

= [Bu(zo.D) Bn(m?)]'

) (A; — A(20)) XtXtTQn ﬁ 2?21 K (%) (A; — A(20)) XtXthrJ{

Let us first consider B,, (29, 1). By a second-order Taylor expansion of A(-) around z, € (0, 1), we

have

1
——B,, (20, VA(z)
o 1) = 0<2h2 (55
+z V2Az §j t_"ZO o 2XXT
0 2h n 20 Ny qn‘|—S.O.,

where s.o. denotes higher-order negligible terms. Observe that

— Z (t — "ZO) (% - zo) - h/l uK (u)du + O(1/n) = O(1/n),

1

_E K R = K =
o - ( h ) (n zo) h /_lu (u)du + o(h*) = O(h?),

where O(1/n) in the first line comes from the Riemann-sum approximation of an integral. Using
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similar arguments to establish Lemma 1 and Lemma B.1, we can show that
1
——B,. (2,1
TL\/E (0 )
t—nz X. X, i
~va (3 x (S5) (5-)) (5) () =
1 & t—nz t 2 X
2 0 Zn
- VA (—hZ ( )(M) ) (%)
=1
1 < t —nz t
Alz) — SN K Z_
T < ) (=)

t—nzo t X, — X, (Xt—XZ )T
+ VA( - — = - n + s.0.
) =

= 0,(h**) 4+ 0, (h*) + O (h3/2) + O, (h*?) + O, (h*

which implies that ||B,, (20, 1)|| = O, (nh?). An entirely analogous argument shows that || B,, (20, 2)|| =
O, (nh3/ 2). Then,

| (Anz0) — Alz0)) QuD = Tu(:0) A7 (0)|| < B0l [ A7 (o)
< (B0, DIl + [Bu(zo, D)) |47 (o)
=0, (nh3/2) .

Since A,,(29) and I',,(2¢) are both functions of the same localized partial-sum process of the
innovation vector u; together with the same random rotation based on X, , their joint convergence
follows directly by a straightforward application of the continuous mapping theorem to a vector
collecting the relevant block components. Theorem 1 follows by combining Lemma B.1 and

Lemma B.2.
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A.3. Proof of Lemma 2

By (2), we have
X, X =R, X,_:X/ R, + R, X,_ju, + u, X/ R, + uzu,,.

Recall the identities vec(ABC) = (CT ® A) vec(B) and Ky vec(A) = vec(AT). Applying vec

on both sides gives
vee(X,X,) = (R, ® R,) vee(X,_1 X, ) + (Ii2 + K) (I, ® R,,) vee(X,_1u,,) + vec(ugu,,).

For each zy € (0, 1), by first multiplying the kernel weights K (t ”ZO) and then summing over

=1,2,---,n, we obtain

L —nz
nh g ( 0)Vec (XtXtT)
- 1 Tt —nzg
_ Rn®Rn)nhZK( ’

+ (L2 + Ki) (I, ® R,,) hZK<

) vec(X,1 X, )

n

) vec (Xt_lu;rt) + % Z K <t _nZZO) vec (uztu;t) :

By rearranging terms and summation by parts, we have

nzo

1 o t—
[IkQ — Rn & Rn] % ; K ( h ) vec (Xt,1XtT_1)

-k (S

1 & t—nz 1 t—nz
+ (T2 + Ki) (I @ Ry,) . ; K ( — ) vec (X;_1u,,) + . ; K ( — ) vec (u,u,,)

) {Vec (Xt X, 1) vec (XtXtT)}

1 & t—nz
= (Ik2 + ]Ck) (Ik (029 Rn) % Z K ( A ) vec (Xt,lu;)

n

ZK(t—mo)vecM )rou ().
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The second equality follows from the fact that summation by parts gives

1 & t—n

% — K ( nh ) {VeC (Xt 1Xt 1) — vec (XtXT)}
= Lk (120 vee (,XT) K (220 vee (XX
T nh h nn nh 04%0

n—1
1 t—l—l—nzo t—nz T
— |- K XX, ).
t=1 l ( > ( nh >} VGC( t t)

Assumption 1(i) implies that K (1522) = K (+=222) = 0 for sufficiently large n. In addition,

n—zzi{ (L)_KC;TOHVMH

t+1 t—mnz\| 1
> fre () - ()| o ()

which follows by Lemma 3.1(i) in Magdalinos and Phillips 2009 and the Lipschitz continuity of
K (-). Therefore, 2>~ | K (=220) {vec (X;_1X[_ ) — vec (X, X[ )} = 0,(1).

By Lemma C.5(ii), we have - Y K (%) vec (Xt,lult) =N +0, (ﬁ) In addition,
by the weak law of large numbers (WLLN) for weighted sums of linear processes (Abadir et al. 2014;

sup |XtXT ‘ ‘

1<t<n

Yan, Gao, and Peng 2025), we have % Yo K (%) vec (uxtu;) BN S Substituting all

these above leads to

I — R, ®R,] — ZK ( nZZ()) vee(X1X, ) = (Lie + Ky) vee(Ayy) + vee(Zy,) + O, <#)

ni=ah
=vec(Ags + AL, + 3u) + O, (;)

)
1
= VGC(QMU) + Op (m) .

In addition, since

C C
I:— (R, ®@R,,) =1}z — <Ik+ E) ® (Ik + E)

1 CeC
:—n—(C®Ik+Ik®C+ @ >,

nOé
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we conclude that

1 ~ t —nz -1 1
M;K( — )Vec(Xt_lXtT_l):—(C®Ik—|—Ik®C) Vec(Qm)—i—Op( )

nl—op

Let Vo, 1= [;° €"®8,,e"Cdr. Observe that

CV,, +V,C= / (Ce’"cﬂmerc + e’”CQmeTCC) dr
0

= / (ie’"cﬂme’"c> dr = —Q,,.
0 dr

Applying vec on both sides gives
(CoI+ 1 ® C)vec(V,,) = —vec(Qyy) -

So, we can write

1 = t—nz T 1
— Y K ( — ) X, X, =V +0, (m> .
t=1
This completes the proof.

A.4. Proof of Theorem 2
Observe that, for any fixed 2z € (0, 1), we have

n n

A (z0) — A(z) = [ZK (t —RZZO) (A, — A(zo))XtXtT] [ZK (t _HZZO) thj] -1

t=1 t=1
n n -1
t —nz T t —nz T
K X K XX
; ( nh > Horhe ] [; ( nh > e ]

=B, (20) A, (20) + Tnlz0) A, (20).

+

(A.5)
By (A.5) and triangular inequality, we have

B (Z())

n
n1+ah

e ] <




First, it follows immediately from Lemma C.4 that
1 1 1 1

_ =0 — o, — o, —— .

n'teh (”a) o (ngo‘) o (nlgax/ﬁ)

I',.(20)

Second, note that

|| (i) | <l

(10 (V! (et V) )

1
A (ZO) - Vx:p

nltap ™"

sp

VL (1 .

since Apin(Vze) > 0 and —7 A (20) Ly V,, as n' h — 0.

The proofs are completed if we could show that

1
nltap

B,.(20)

=0, (nll_a + h2) : (A.6)

To see this, notice that, by a second-order Taylor expansion of A(-) around zy € (0, 1), we have

o t— t
Bn(Zo) = ZK( nZZ(]) VA(Z[)) (ﬁ — Zo) Xt,1X?_1

Ign [t~ t 2
+ 5 Z K( ZZO) V2A(z) <ﬁ — ZO) X; 1 X, | +s.0,

n

where s.o. denotes higher-order negligible terms. By similar arguments as in the derivation for

Lemma 2, we can show that

1 - t— nzop t T
nltap?2 t_zl K( nh ) VA<20) (ﬁ - ZO) thlxt—l

1 & t—nz t—nz T
= VA(ZO)M ; K( nh ) ( — ) X1 X,

1
— VA(Z()) 1251 me + Op (m) s

28



and

n1+ah3 Z (

t 2
>V2A< ) (E — Zo) Xt 1X;r 1

1 t—nz t—nz\>
_ 2 0 0 T
= VAR, thl K( oh ) ( nh ) XXy

1
— V2A(20) 125) V:):x + Op (m) ,

where pi5 = f L u* K (u) du. Since p1, = fll uK (u) du = 0, we have

1
e, Do) <

nH—och Z <
—-n
n1+ah§ ; K( nh

=0, ( ! >+O(h2)

This establishes (A.6), which completes the proofs of Theorem 2.

A.5. Proof of Theorem 3

Note that

= Bin + B + Vi + 0,(1).

We have shown in the proof of Theorem 2 that H (=7 An(20)) -

29

t
) VA(Z()) <ﬁ — Zo> Xt 1X;|— 1

2
Z t
0) V2A(20> (E - Zo) Xt_lXtT_l

sp

= O,(1). Moreover, it



is straightforward to deduce that
Bin = Oy (n' 3072 4 032 3V, By = 0, (n5° V), V= 0,(1),

Under n' 2°h*2 — ¢ € (0, 00) the first component of By, is O,(1). In addition, the restriction
n'=*h? — oo implies the second component of By, is of smaller order than the first one, so that
Bi, = O,(1). Since n" 5 vVh — 00, By, dominates B;,, and V,. The simultaneous—equation bias

dominates and we have
n - (Bulz0) = Alzo)) 5 (Ans + o) V3

A.6. Proof of Theorem 4
Recall that, since n%_a\/ﬁ — 0, Lemma C.4 yields

1ta
2

“Vh - vec (Kn(zo) - A(zo))

_ { (nTlah An(z0)> B ® Id} vec (n+—1ﬁ Bn(Z(J))

+ { (ﬁ An(zo)) B ® Id} vec (ﬁfn(%)) +0p(1),

where fa\/ﬁf‘n(zo) = ®@(1) n_1+T}I—\/E Sy K (2220 X/, First, under the conditionn'~*h* —

nou nh

n

0o, Lemma 2 gives mAn(ZO) -2, V,,. In addition, the derivation of (A.6) for Theorem 2
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shows that ——B,,(z) = %2 V2A(z) pra Var + 0,(1). This implies that

{ <ﬁ An(zo)) B ® Id} vec (ﬁ Bn(zo)) ~ (V) ' @1y} vec (%2 V2A(z0) pia Vm)
{ (ﬁ An(zo)) B ® Id} — (Vi) ' @14} || vec (nTlah Bn(Zo)) — vec (%2 V2A () 2 V:c:c) H
{ (ﬁ An(zo)> e Id} (V) @ L} [vec (%2 V2A(20) 2 Vm)

1 h?
vec (m Bn(ZO)) — vec (? VQA(ZO) H2 me) H

IN

+

+ (V) 1

= 0,(1).

Thus, we can write

5 Vhvee (J&n(zo) — Az) - %ZMQ v A(zo)) _ { (ﬁ An(zo)) s Id} vec (Wl\/ﬁfn(zo)) |

Similarly, we have

H{ (nli—ah A”(ZO))l ® Id} vee (n ﬂfn(%)) —{(Voo) " @14} vec (nlgi\/gf"(%)) H = 0,(1).

Since

vec (@0(1) nlgi\/—sz(t _nZZO) e X ) L q>0<1))vec<n1y\/ﬁzn:f{<t _nZZO> stXL>
1

the result follows immediately by applying Lemma C.5(iii).
B — Auxiliary lemmas for Section 3
Lemma B.1. If Assumptions 1-3 are satisfied. Then, for any fixed z, € (0, 1),

An(z0) —5 A(z),
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where A(z) is defined as in Theorem 1 and is nonsingular a.s..

Proof. We follow the steps as in Phillips, Li, and Gao 2017. Observe that

D/Q; <§ K () xx) ) Q.D;

[ vk (e (%) (3) e e K () e (8) (%) e
T

ke S K () () (3) (%) @ e S K (55 @) (%) (%) @

An(Zo, 1) An(207 2)

An(207 2)T A71(2:07 3)

Let us first consider A, (29, 1). Following the proof of Lemma 2, we can show that

X, -X, +X X, - X, +X,\"
T t Zn Zn t Zn Zn
Anleor1 hZ ( )q( NG )( NG )q”

=q, (%) ()\C/ﬁ) (nh Z (t_nzo)> + 0p(1) (B.1)

a, k.k, q, + o0,(1)

=k, k, +0,(1).

Now we consider A, (zg, 2). Recall that z,, = [n(zo — h)], we have the decomposition

t Zn
Xo=X., + Y Riu,+ > (R —R2 ) uy + (R, — RZ) X,

J=zn+1 j=1
where .
mo= Y Riu, &:=Y (R, -Rr7)u,+ (R, - Rr)X,.
J=zn+1 Jj=1
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Since by construction (q) "X, = 0 a.s., we have

1 - — Xy ¢ ¢ !

An(z0,2) = WZK<t nZZO) o <%> (n\g) b + op(1)
1 o t— e+ & !
=t () 2 () (M) e

n . T
SR () (258) (248) o
t=1

= An(20,2,1) + Ap(20,2,2) + 0,(1).

By Lemma S.1(ii), we have sup,cyy, . ) |ln: + &l = O, <\/ nh), where N, (h) is a set of integers
in Ny, (h) = [| (20 — h)n], [ (20 + h)n|]. This implies that

-
q; (ﬂt\;‘ﬁﬁt) (nt\;‘ﬁﬁt) qi

n

1 t —nzg
A 2,2)|]| £ —= K
H n(207 ) )H = nh3/2 t_zl ( nh )

1 < t—nz\ ||m+ &
< — K
— nhd/? ; ( nh ) ' NG
1 a t— nzo) n+ & ||
< —- E K( - sup
nh3/2 nh bV g (B) vn

1
nh3/2

The dominating term is thus A,,(zo, 2, 1). We have

Anl,2.1) = ol (}f/ﬁ) ZK (tQZ%) (%)
c el () ok () (1) ai s

33



Obviously

1 + /X, = t —nz &\ L
et () 2 () ()
X.

<o o G| (e () et
< o Gl e (e (55)) o0

Then, we have

_\/§ T in & t_nZO Nt i
o = 2 (52) S0 (S2) (1) en s

=1

Finally, following the proof of (B.2) and the fact that (q}) "X, = 0 a.s., we can show that

Aeod) = o 38 (552 )™ () (8) 4t o)
—z<><r> (F) weom e
w3 () () ()

Using the invariance principle for linear processes under Assumption ?? and Lemma S.1(i),

Q# +0p(1)'

there exist two independent Ornstein—-Uhlenbeck processes K¢ (+) and K¢ (+) such that, for any
fixed zp € (0,1)and 0 < p < 1,

k, k X,

= , k, = \/_"

Zn zZn(p)—J % n
(») R (p)—j Kc(p)

Vo 2t B Uy

s k= Kc(ZO).

Since all block components in A,,(zg) are functions of the same localized partial-sum process of
Xy around zj and the same random rotation based on X, , their joint convergence follows directly,
which may be viewed as a straightforward application of the continuous mapping theorem to a

vector of block components. Lemma B.1 then follows by combining (B.1)-(B.3).
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Now we show that A(z) is nonsingular a.s.. In view of Proposition 3.9.7. in Bernstein 2018, we

need to verify that A(zp,1) > 0 a.s. and A(z,3) — AT (29,2)A(z9,2) is positive definite

1
A(zo0,1)
a.s.. Given that k = k,, = K¢(29) is Gaussian at fixed 2z, € (0,1) with full rank covariance
matrix Sy (z) = [ e®07CQ,,el079Cds, P (k = 0) = 0 so that P (k 'k = 0) = 0.

Next, given that f K(r)dr =1, we can write (by ignoring normalizing constant)

A(z,3) — AT(ZO, 2) A (2o,

A0 g
) T[ [ Ko (wl)K*T <r;1)dr
(o () ar) ( [ o (752 o)
e [ () ()
) Lo () oo
Take any x € R~ £ 0 and let w :— q*x. We can write the above as
cter [ oo () o ()0
(s (£5)- [ e (552) ) o]
:/_ZK(T) (wT (KC (T;1> —/_llK(r)K*c (“2”) dr>)2dr >0, as.

What remains is to show that

P {/_11 K(r) (M (KC (Tgl> —/_11 K(r)K: (T"QH) dr)>2dr:0} 0. (B4)

Since Assumption ?? implies that K (r) > 0 and is positive on a set of nonzero Lebesgue measure

n [—1, 1], on the event that (B.4) holds we must have
1 ! 1
w K, (r—;— ) :wT/ K(s)K¢ (S—; )ds, a.s.
-1
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for all r € [—1, 1] with K (r) > 0 except on a set of Lebesgue measure zero. This can only happen

if for almost every realization, the sample path r — w 'K} (“H) is constant in r, which has

probability zero since K¢ (’”51) is a nondegenerate continuous Gaussian process. ]

Lemma B.2. If Assumptions 1-3 are satisfied. Then, for any fixed z, € (0, 1),
d
I‘n(Zo) — F(ZD)7

where I'(2) is defined as in Theorem 1.

Proof. We have

= [ S K (58) woXTa & S K (559) waXTa

For I',, (20, 1), notice that

t—mnz
FH(ZO? \/— Z ( 0) Uoe (Xt - in + in)T qn
n

t—nz X, i 1 < t—nz
\/2n‘2 (—0> um'ﬁ(ﬁ) q"+n—\/EZK< nh 0) tor (X = X..)" 6
t=1

t=1

= Fn(Zo, 1, 1) + Fn(Zo, 1, 2)

Using Lemma B.3, we obtain

1 u t—nz
ITw(z0,1,2)]| € —=- ZK(TO> o (X=X )" |-l

nvh =1

:%\/ﬁ-op(nh)zop(\/ﬁ),
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so that the dominating term is T',, (29, 1, 1). For T',, (20, 2), given that (q;-) "X, = 0 a.s., we have

> uy (X — X, + in)T q

Tn(z0,2 nhz (
_ — N2
_nhtle( h

) ot (Xt - in)T qu_ + Op(l) = FH(ZOa 27 1) + Op(l)'

Then, using the weak convergence result of

\/2’)’L ZJ Z’n+1 - Bo(p) :
mzj L Ry Ty Ke(p)

where z,(p) = z, + [2pnh| + 1 for 0 < p < 1, Lemma B.3, and the continuous mapping theorem,

we can show that

I‘n(zm 17 1) Fn(Zm 27 1)‘|

[ T
= V3 (5) K () O X

o (VR K008 () [ K5 (242) KT (55) + 3 (B + Au)] |-

Lemma B.3. If Assumptions 1-3 are satisfied. Then, for any fixed z, € (0, 1),
1 & t —nz

— K

2nh ; ( h

T T T T T
where z, = [n(zo — h)] and (KC* (r), BO*(T)) is an independent copy of (KC(T), Bg(ﬂ) .

)wﬂ&—mei+[ym«wmmeMK§« 1)/2)+3 [Zos + Ao,

Proof. Let N,..,(h) be a set of integers in N,,., (k) = [| (20 — h)n], | (z0 + h)n]] and 2, = [n(zo —

37



h)|. We have

2nh nh
1 t—nz ! S '
_ — =0 t—j . t—j _ PEn—j ) t _ Pz
T 2nh < K( nh )“W{,Z Rn]“wﬁZ(RnJ R ) wg; + (R, Rn)XO}
teanO(h) ]:Zn+1 ]Zl
t—1 T
1 t—nz . 1 t—nzy
=5 K( — )uOt{ Z R. ‘]ux]‘} to5 K( — )uOtu;rt
tEN o (h) J=zn+l tEN o (h)
-
1 t —nz ™ (Rt T
o 2 R (52w {Smereu)
tEN 12, (h) =t
1 t —nz T
— R! —R™)X
S R e R X)
tEN 2 (h)

We first show that [|S3,,|| = 0,(1). To see this, note that

Zn

> (R -Ry) uy

j=1

[Ssnll < sup
teN.t, (h)

nzgo

1 t—nz
— K
2nh Z < nh ) Hor

~+
teN}. (h)

Following the proofs of Lemma S.1(ii) and the central limit theorem (C.L.T.) for weighted linear pro-

cesses (Abadir et al. 2014; Yan, Gao, and Peng 2025), we have sup,c, . 1) H o (R =R ) uy,

op(Vnh) and || 5 Zteﬁmo(h) (Er) uy || =0, (#Th) This implies that ||Ss,,|| = 0,(1). Sim-
ilar arguments also yields ||S4, || = 0,(1).

We now move on to Sy, and Sy,,. Ss, is straightforward, since by the weak law of large
numbers (W.L.L.N.) for weighted linear processes (Abadir et al. 2014; Yan, Gao, and Peng 2025),
we have

2S5, 25 Yo,
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What remains are S;,,. BN decomposition on ug; gives

.
1 t—nz = .
Su=aulyy XK ){ 2 Rflju”}

tENnzo (h) Jj=zn+1
1 t —nz L !
- K ) At Ri 7,
2nh 4 ( nh ) uOt{‘Z n uﬂ}
tEanO(h) j=zn+1
1 2
S + Sii-
For S&), let
1 zn+|2nhr|+1 1 zn+|2nhr|+1

U, (r) := ®(1) Y e Valr) = > Ry, reo1].

V2nh = V2nh =

We note that

t—1 T
1 1 t—nz .
sth (1 K 0 Riu,;
W= 2 (x/th of )€t>{\/2nh ( nh j:ZZH n "l

t€N 2 (h)

1
- / K(r)dU, () VI(r) + op(1).
0
Using the weak convergence result of

R I e ]

V. (r) Ko(r)

we obtain

st % / K(r)dB; ((r +1)/2) Kg! ((r+1)/2),

T 2)

.
where (Kg*(r), Bg*(ﬂ) is an independent copy of (K;(r), BOT(T)) . Moving on to S3;/,
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summation by parts yields

-
1 . t—1 ‘
QS%) = -y g K ( ) Uo; { g Rt“_Jux] g RZ_Jux]}

tEN 2 (h) J=zn+1 J=zn+1
1 t—nz t—1—nz i !
- K20 (0 Uy R,
+nh £ { ( nh ) < nh )}Uo,t1<AZ " u])
tEN .z (h) j=zntl1
1 t—nz 1 ! t —nz
_ _ 0) ~ t—j ] o B 0
b 4 K( nh )u°t<.z R”ju”) Ro—T)"+ 25 2 (
t€Nnzy (h) J=zn+1 teanO (h)
.
1 t —nz t—1—nz _ — i
v 3 () -w (e )}“(Z R““W‘) '
tEN 2 (h) J=zn+1
Note that

.
1 t—nz
— > K( 0) u0t< Z R. Jux]) R, —I;)"

teN . (h) j=zntl

< IRp — L[ sup
tE€Npnzy (h)

t—1
E t—Jiq .
Rn uﬂﬂ]

jzzn+1

= 0(1/n)0, (Vh) = 0,(1),

1 t—nz -
X w ()

tE€Nnzg (h)

Zz;lznﬂ sz_j Ug;
O, (\/ nh) and |0y || = O,(1) holds uniformly over t € N,,.,(h). We also have

1 t—nz t—1—nz i !
— N2y —1—nz - i
E 75 {K ( h ) — K (T) } Upt—1 <-:§Z ‘. Rn ]llazj>

which follows from the fact that by Lemma S.1(i) we have SUD;eN,... (h)

tE€Nnzo (h) ’
t—1
B 1 t —nz t—1—nz ~
< v 18 w3 e () - () e
tGano(h) Jj=zn+1 teﬁnzo(h)

t—1

) O(1 -
<  sup Z R} 7, % Z (1/nh) [[Qy|

tEanO (h) J:Zn-‘rl teﬁnzo (h)

= 0, (Vih) O(1/nh) = 0,(1),
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where we have used the fact K () is Lipschitz-continuous on [—1, 1]. Finally, by the weak law of

large numbers (W.L.L.N.) for weighted linear processes (Abadir et al. 2014; Yan, Gao, and Peng
2025), we have

t— -
h E ( nzo) ugtu;t L> Aom.
n

t€Nnzo (h)
Given that
1 Z K t— nzg \ ~ T R—l— Z t— nzo ~ T
— u, up:u
teN'nzO (h) teN’nzO (h)
1 t—mnz\ ~ T
<R -Ll = 30 K () ol = O,(1/m) = 0,(1)
tEN 2 (h)

together with Slutsky’s theorem, leads to

Sy, - /_11 K(r)dB ((r+1)/2)KE ((r+1)/2) + %Aog;.

The proofs are completed by combining the results above. [

C — Auxiliary lemmas for Section 4

Lemma C.4. Under Assumptions 1-3, we have, for any fixed zy € (0, 1)

1
nHTa\/ﬁ

B 1 & t —nz T K,
—Qo(l)mzf(( o )etXt—l 1+a\/—(A0x+20x)+O ( \/E>+0p(1)>

Fn(20>

where K1, = Y 1 K (£22) and T',,(29) is defined as in (A.5).
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Proof. By BN decomposition on uy; and summation by parts, we have the following decomposition:

- t—nz u t—mnz
Fn(ZO) = ZK< " 0) u()tX;r_an +ZK( — 0) uotuT
t=1
- t—nz t—nz
— i’o(l)ZK( nh 0) EtX R ZK( )Auotxt 1R —'—ZK( nh 0> u0tu;|;
t=1
n t—
:@0(1)21(( — ) "R, +ZK( )aOtAX;FRn
t=1

1 1
+ K[ 220 4o X! R, — K ) 0, X R,
nh h

n—1 n
t+1—nz t—nz N T t —nz T
Z{K( nh )_K( nh >}u°tXtR"+;K( nh )uOtu“
nz

=1

t
= t— 1 & t —nz T

D K nh e X, S ®o(1) Y K —— | &X/,C
=1

t=1

t
1 & t—nz2\ . T - t—mnz\ . T
+E;K( ) aux,C o Yk (S

t=1

30K () w0, ).
t=1

_l’_
= B(1

n

where the final equality follows from Assumption 1(i), so that K (+=32) = K (1522) = 0, for

sufficiently large n, together with the fact that

[l s
s (25525) - (5}

which follows from the Lipschitz-continuity of K (-).

max 1X, =0y (na/Q) ;

1<t<n

1+

By Lemma C.5(iii), we have ;' | K (522) X/, = O, <nT \/E) so that

1< t — nz T o~ 1-a
ﬁ 2 K ( nh ) €tXt_1C = Op (n \/E> .
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In addition, Lemma C.5(i) leads to

1 - t - @
— YK ( ZZ()) @ X, ,C =0, (n'"51).
t=1

ne & n

Finally, by the central limit theorem (C.L.T.) for weighted linear processes (Abadir et al. 2014; Yan,

Gao, and Peng 2025), we obtain

>r (S

2 (@], Aar) = O,V 30 (L1 (wot], — 3 = 0,V

Substituting all results above yields

& t —nzp T
r, =®u(1) — K X,
1704\/% (20) o(1) o hz ( nh >5t t—1

1 = t—nz 1 1 1
K A > 2%/} — — ),
RS ( nh )( e+ Bux) £ Oy (n f)”ﬁ(m)”p(m)

= {rn(zo) - Zn:K (t _nZZO) (Ags + EOI)}

_ Z (t ) eX,+0, (n%“"\/ﬁ> +0,(1).

D

This completes the proof. O

Lemma C.5. For model (1)-(3), suppose that Assumptions 1, 2, and 3 are satisfied. Then, for any
fixed zp € (0,1), we have
o) Z?_lK (552) WXy = O, (n'**/2h);
(i) L >0 K (5220) uy X | = A + O, (2
(iii) for fixed o € (0,1), 1+a Zt VK(B2) (Xm ® &) 2y N(0,19V,, ® 3.), where
Yy = f K?(u)du.
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Proof. Let us start with (i). We first note that
1 - t—n
. (—h > x (S
(t — nzo>
t=
c_ 1 t— nzo
- n1+a/2 h Z

t—nz
< s o | (

20\ -
D) utXtT—1>

X1 ® Uy)

K(t ) [(RI'X0) ® ]

nh

t—1
) (B
7j=1

where ——L—>"" | | K (E220) [(RL ' X0) ® @y = 0,(1) is shown in Lemma S.2(i).

1 t—1 pt—j—1
nal2 Zj:l R, 77 uy;

l

t—1
ZRt Ila,; + RE 1X0> ® U

1

T oplta/2p

Rt 7= lum]> ®'ﬂ't

[[e]| + 0p(1),

2

By Lemma 3.1(i) in Magdalinos and Phillips 2009, we have max; <;<,, E <

HﬁtH)

o\ 1/2

C. Then, Cauchy-Schwarz inequality gives

(g )

_ (E HﬂlHQ)l/z & K2 t —mnzo E . Ri-i-1
< e 2o b Z (ot e
J:

t=1

1/2
t—1 2 n
- 1/2 1 L 1 t—nz
< 2 t—j—1.. i
< @llal) "™ | pax B 25 1R” Had (m Zt IK( nh ))
j: e
1/2

<0(1) (E @)

which follows from the fact that Assumption 3 ensures Z;‘io ‘ 0 j (Phillips and Solo 1992),
the triangle inequality and Cauchy-Schwarz yield I ||i,||> < oo for all t = 1,2,--- ,n. This

establishes (i).
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For (ii), we first show that

1

nh

To see this, note that

1 & t—nz
— K
nh ; ( nh

By Lemma S.2(ii), we have

n

1
vec | —
nh —

> €tXtT4 =

n

t_
Sk < nZZO) e X, | = o,(1). (C.1)
1 < t— .
K ( nZZO) e (R uy + R7IXo) |
t=1
1 & t— . t—
3k (S ) Y (e )
t=1

)

n

1
<

t—nzg

(5

) [(Re%0) @)

= op(1),

, T
so that the dominating term is the first one. Note that &, (Zz;ll RZ_J_luxj> forms a martingale

difference sequence. Thus, by Lemma 3.1(i) in Magdalinos and Phillips 2009 and the fact that

ﬁZ?ﬂK(%) —>f K?(u)du, we have
B 1 T 2
1 u t—nzo _ P
E %;K( — )Vec £ (;RHJ uxj>
1 - t —nz = 2
= 0 t—j—1._
_(nh)zE ZK( nh )[ ZRnJ “w)@st
t=1 j=1
1 n t— e 2 t—1 2
- — <0 t—j—1 2
(nh)? ZK( nh ) E ZRn || Elled
t=1 j=1
2
IE||€1||2 —a/2 — t—j—1 1 - t—nzg 2
S iap | ax Ein ;Rn U, ) K(—
1
=0 )
(nl—ah)
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Now, by BN decomposition on u,;, we obtain

1 & t —nz T 1 < t —nz T 1 < t—n
— > K ot Xy =P, (1) — » K X, ,——)>) K At X,/
nh < ( nh >ut = ( )nh; ( nh )st =l nh; ( nh > HatPe-1

1 1 & t—nz T
=0 - — K Au, X, .
P <n1—ah) nh £ ( nh > Uzt Ay

Summation by parts gives

1 & t—nz .
“n 2 K< — )Aumxj_l

where the second equality follows from the fact that K (+) is defined on [—1,1] so K (152) =

K (kﬂ) = 0, for sufficient large n, and the fact that

f{ (1255 x5 e
o () ()

which follows from the Lipschitz-continuity of /& (-). The third inequality also follows from Lemma

C.5(i). This implies that
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Now, by the weak law of large numbers (WLLN) for weighted sums of linear processes (Abadir

et al. 2014; Yan, Gao, and Peng 2025), we have, as n — oo

t— -
s Z ( nz()) uxtu; LN A
n

This establishes (ii).

For (iii), let &,,; = %\/ﬁK (t "ZO) Xi_1 ® &; and the filtration F,; = 0 (Xo, &, &1, ).

Clearly, {&,:, Fnt} is a martingale difference array. In addition, we have

- 1 < t—
D E (&l Fui) = —or Z K* ( ZZO) (Xe1X[L,) @ E (e | Fraa)
t=1 =

n
- (nlJrah ( )Xt X[ 1) ® X

=1y V @ B + 0,(1),

where 1y = f K?(u)du and the last equality follows from arguments analogous to those used
to establish (12), with K (-) replaced by K?(-). Thus, in view of Proposition A1 in Magdalinos and
Phillips 2009, it suffices to verify the conditional Lindeberg condition. For any § > 0, we need to
show that

D E (1€l Ljgne>sy | Fra-1) = 0p(1). (C.2)

t=1

Using the inequality Lyj¢,,|>53 < ||€nt||2 /62, we obtain

n 1 n
ZE (HEntH2 1{||€nt||>6} ‘ -Fn,tfl) é ﬁ ZE (Hént“4 | ‘/T_‘n,tfl)
t=1

t=1

1 1 N (t—nz 4 4
= g K (e B Ol e P
T 2 p2ra)p2 tle (T) [ Xe-1]" E [[e]]
<01 X 1 - KA t —nz
< O(1) max [|X- 1 20T p2 ; nh

-0, (n—lh) — o,(1),
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where the third equality follows from the fact that {e;} is i.i.d. and the final line uses E ||;|* < oo
(assumed by Assumption 3(i)), maxi<i<,, [|X;_1]|* = O,(n*>*) (by Lemma 3.1(i) in Magdalinos
and Phillips 2009), and Y, | K*(*=222) = O(nh) (implied by Assumption 1(i)). This verifies the

conditional Lindeberg condition and completes the proof of (iii). [
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