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The Online Supplement contains two additional Lemmas needed for the proofs of main

theoretical results.

Lemma S.1. Consider the nearly integrated system as in Section 3. Let u; = (ugt, u;)T be

defined as in (6). Under Assumptions 1, 2, and 3, we have, as n — 0o :

(i) nfl/zXLqu = Ko(r),0<r<1;

(i) supsew, . () ‘ th;%z" = 0,(1), where N ., (h) isaset of integers in N,,., (h) = [| (20 — h)n], [ (20 + h)n]]
and z, = [n(z0 — h)], 20 € (0,1).

Proof. (i) is almost identical to Lemma 3.1(a) in Phillips 1988. However, since we have a different

formulation for R,,, the proofs are recollected here for completeness. Let Sf = 22:1 u,; be the

vector of partial sums. We construct
_1/2qe Cpqe J 1 J
Zn(r) =n UzS\_nr] =n 1/283'—17 T <r< Ea
where j = 1,2, -+ ,n. As shown in Phillips 1987, Z,,(r) obeys a functional central limit theorem:
Z,(r) = Bx(r), (1)
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where B x(7) is a k-vector Brownian motion with covariance matrix €2,
Based on the recursion

=> Rl 7u,; + R.X,,

j=1
we have
" [nr] C |nr]—j % s
Xy =Y (W ) [ ) 0
j=1 -
[nr]

z C [nr]—j P
_ Z/ I+ Z0r(5) + O, (n~1/?)
=175

lnr] i C\ =i

=> / <Ik + —) —e=9C | dZ,.(s)
— Jizt n
1= n

- eICAZ, (s) + O, (n7 )

)
<T, Z/ dZ.,( +Z/ e""IdZ,(s) + Op(n~112),

where

C [nr]—j
T, := max sup (I;C + —) — er=s)€
il R n

Notice that

Lnr)

Z/ (r=1C a7, (

|nr]/n

(r s)CdZ ( )

9=
/ r=9C3qZ.,(s) + O,(1/n)
y/

(T )+C/ (r=9CZ,.(s)ds + O,(1/n).

By (1) and the continuous mapping theorem (C.M.T.), we have

Zn(r)+C/T6(T_S)CZn(s)ds:>BX( )+C/ (r=)CBx(s)ds.

This implies that ZJLZJ fﬁ;l e'=)CdZ,(s) = Kq(r), where K¢ ()

r) =Bx(r)+C [; e"CBx(s)ds.
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What remains is to show that T,, = 0,(1). Observe that both I + % and e("~*)€ are diagonal

matrix. It is suffice to verify that, fori = 1,2,--- |k,

max sup
Isjsn | izlegod
n n

We follow closely the steps in the proofs of Lemma 2.2 in Chan and Wei 1987. Define d! =
—glog(l—i—%). Clearly, we have d°, — —1 as n — oo. For J% < s < %,j =12---.n

observe that

::e%0=%)‘e@%+0%(%—ﬂ._e i(5=9)

< e|ci| {‘e(diﬁ-l)ci(%—r) _ 1‘ + ‘1 _ €Ci<%—5)

b

The proof is completed by noticing that

i s
max un+1wxn 7)

< el |dl + 1| = 0,

and

max sup
1<j<n ;- 1<S<J

1 — ol )‘ < max {ecl/” - 1,1 —eci/"} — 0,

1<j<n
as n — oQ.

For (ii), we first notice that

Zn

1 o
m Z R! Jum—i—\/WZ(Rflﬂ_Rn 7) g

J=zn+1 j=1
1

- \/2|nh|

Define the localized partial-sum process

(R}, — R2") X,.

1 zn+|2[nh]r]
Z Rkl =iy, r e [0,1].

S0 = Ay 2,



Then, for each t € N,,.,(h) we may write

tju _ , T:t—zn B
\/W Z aj = Sn(r), ¢ QthJG[ 1,1].

Jj=zn+1

Following the same arguments as in part (i), we have S, (-) = K¢/(-). Since K¢ (+) has continuous
sample paths on the compact set [—1, 1], the mapping f ~ sup,¢;_y 1 [|f(7)] is continuous.

Hence, by C.M.T,,

R~ Jum = sup ||[Kc(r)].

teanO 2th Pt —1<r<1

This implies that
sup Z R 7u,;| = 0,(1).
tENnzo (h nh ] Zn+1
In addition, using the relation

R,V -Ry7 =Ry (R ~L), 1<j<z, (3)

we have
sup  max R, —R> 77| <O(1) sup [[R} — Ll = O(h), (4)
tEN iz () 1STS2n |m|<nh

which follows from the fact that supy,,<, [R}'| = O(1) and supj,, <., R} — Ikl = O(h).
it gl = Oy(v/n), so = 0,(1/Vh). Therefore,

1 Zn
R

— R ) u,|| < max HRt J Rfl”’jH = 0,(1

1<j<zp

1 Zn
H\/ﬂnhj ;( /2| nh] Zum

uniformly over t € N,,.,(h). We also have

IRL — R || X0l = 0,(1)

1 1
— (R, —R¥) X, € ———
HwQMhJ (R, ") = \/2|nh|

This completes the proof of (ii).
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Lemma S.2. Consider the mildly integrated system as in Section 4. Suppose that Assumptions
1, 2, and 3 are satisfied. Then, for any fixed zy € (0, 1), we have

@ 1+a/zh Yot [ (552) (RS 1Xo) @ ] || = 0,(1):

(i) o 2ot (|5 (552 (R Xo) @ || = 0,(1)

Proof. First, let p,,; be the ith element in R,,, where ¢ =1,2,--- | k. Since

(pni) ™! = exp {(t —1)log <1 + %)} < exp ((c — 1)%) = exp (—\ci\t — 1) ,

na

this implies that

t—1
HRZ_IH = max ‘ pni)’” 1‘ < exp <—c ) ,

1<i<k ne

where ¢* := min;<;<j |¢;.

Let N,..,(h) = [[(z0 — h)n], | (z0 + h)n|] and let z,, = | zon|. We then have

t—nz Jd—1 t—nz L1
e (G o) = 2, K (5 ) o ()

< eXp<_c* s SITEO Z(h)K( )

t€ Nz,

< O(1)exp(—cin'™®) = o(1),
for some constant ¢; > 0. Then, Cauchy-Schwarz inequality gives

E( 1 % (t—nzo )
n
< n1+a/2h Z ( ) ||Rt 1” E||XO||2)1/2 (E||ﬂt||2)l/2

- nm (nh (t—nzo) Xp(_c*t;a1)> .

which established (i). (ii) follows from the same argument as (i), and the details are omitted. []
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