The model is an extension of Bai and Ng| (2006]):

Yrish = &G+ B'Fry + Wy + €1 04n, (1)
Xt = ’)/;»J‘Gt + /\Lﬂ‘Fr,t + €rits (2)

where r =1,2,--- R, i=1,2,--- N, t=1,2,--- 1. [y = (Fi4,Foy, -, Fgy) is a rp x 1 vector
collecting all local factors and rp = > 7p,.
Let N = max;<,<gr V.. Asymptotic analyses are carried out as m — oo, where m = min(R, N, T').
We will follow Algorithms 2.1-2.3 in |Jin et al.| (2023) to estimate the global factors and local
factors for which we denote as G, and F,. Let 2, = (G, F,f’t, W7 )" be the collection of predictors,
the OLS estimator of § = (o, ',¢) is given by

T T

éT = < Z 21573;)_1( Z 5t1/t+h>~ (3)

t=h+1 t=h+1

The first goal of the paper is to study the asymptotic properties of , which also provides a valid
theoretical justification of the empirical application considered in |[Ergemen| (2022).

First, notice that

Yrish =G+ By + W + €04
= dHg'Gy+ B H Fy + Wy +/ HG (HaGy — Gy) + B Hp (Hp, Fry — Foy) + €ign

-~

= 220 —+ 8T,t+h =+ O/Hél(Hth — Gt) —+ 5/HE7«1 (HFTFT,t — F~17’,t)' (4)
Then, write
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where 6 = (o 51,5’1-];:,5/)’.



For S¢., define 5 = diag( plim Hg, plim Hp, , Iq), together with assumption , we have

He 0 0 .
See=| 0 Hp 0 2 — N (0, 9,02)),
h+1

0 0 I t=

5=

where ) = limp_, o Var(\/if Zfzhﬂ Zt6t+h).
For Ac., it follows immediately from (a) and (b) Lemma 1 that, when , Ag, — 0.

For A.q, we have

L ox [ HeGr\ Lo [ G HaG
A= JT Z Hp, Fry (Gt—HGGt),(Hél)/a+T Z Foy— HpFyy | (Gi—HoGy) (Hg') o
T t=h+1 V[/t T t=h+1 0

Then, by (d), (h), (j), (¢) and (g) in Lemma 1, when , we have that A5 - 0.

For A.r, we have

L ox [ HeGr\ Lo [ G HaG
Ap=—= Z Hp, Fry (Fr,t—HFTFr,t)/(Hﬁl),ﬁ+_ Z Frat — Hp, Fry (Fnt—HFrFrﬁt)/(ngrl)/ﬁ
\/T t=h+1 Wt \/T t=h+1 0

Then, by (i), (f), (k), (¢) and (g) in Lemma 1, when, we have that A,p 2= 0.

For S::/, we have

T Gy — HoGy + HoG,
S = S | o= He Foyt B Foy | (Gy = HeGy + HoG, Foy = Hr Fyy + HeFy W)

t=h+1 Wt
He 0 0\ Hy 0 0

=0 Hy 0| (X wx) [ 0 Hy 0] +o(1)
0 0 1) e 0 0 1,

= B, D) + 0,(1),

where ¥,, = plim %E;‘F:h 4122 ) and the second equality follows from (c)-(k) in Lemma 1.

Then, combining the analyses above, back to , we have, if

VT (67 — 0) -5 N(0, %),



where ¥y = &, 2108 1o L
Lemma 1. Let Assumptions hold . Then,
(a) 250, (G — HoGY)ersn = 0,();

(b) %ZtT:hH (Fr,t — Hp, Fry)ern = Op();
(c) \/LT ZtT:hH (ét — HGGt) (Gt - HGGt)/ - Op()"
(d) % ZthhH HGGt(ét - HGGt)/ = 0,();
(e) \/LT ZtT:h+1 (Fr,t - HFTFr,t) (Fr,t - HFTFr,t)/ - Op();
(f) \/LT Z;f:h-&-l HFrFr,t(Fr,t - HFTFM), = 0p();
(g) \/L:? ZtT:hH (Fr,t — Hp, Fry) (Gt - HGGt>/ = 0,();
(h) 7= Y iones He Frt(Ge = HaGr)' = Oy();
(i) Jz Yt HaGi(Fry = Hi Fr)' = O() 5
. T a !
(7) \/LT > nit We(Ge — HoGy) = Op();
~ /
(k) % ZthhH Wi (Fr,t - HFrFr,t) =0 ()’
The second objective of the paper is to study the asymptotic properties of the forecasts:
Jrinr = 2p0r. ®)
By (), we have
yrin = 200+ eprin + o Hy (HoGr — Gr) + f'Hy (Hp Frr — Frp).

Then, the forecast error is given by

?)T+h|T — Yr+h = 5’/7’ (éT — 9) + O/Hél(éT - HGGT) + /BIH;rl (F“T o HFTFTT)' (7)

We need to establish the following CLT:

T N(0.1), (®)
var(Jr-hr)

which can be used to construct the prediction intervals for the forecast. Since we have established
the CLT for the parameter estimates, what remains are the inference results for the estimated

factors. We summarize these results in the following lemma.
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Lemma 2. Let Assumptions hold . Then,

(a)
2Gr — HoGr) =% N(0,7)

) N
?(FT‘,T - HF,-FT,T) i> N(07 7)
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